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ABSTRACT 


The  kinematic  aspects  of  Dirac  spinors  are 
studied.  All  the  properties  of  a  totally  arbitrary 
system  of  gamma  matrices  are  derived  without  resorting 
to  the  theory  of  finite  group  representations  or  the 
theory  of  Clifford  algebras.  An  algebraic  method  is 
then  devised  to  find  explicitely  the  similarity  trans¬ 
formation  arising  in  the  fundamental  theorem  of  gamma 
matrices.  Next  the  Lie  group  of  spinor  transformations 
under  the  action  of  the  o r tho chr onous  Lorentz  group  is 
studied  in  detail.  The  work  ends  with  a  thorough 
analysis  of  all  the  algebraic  relations  among  the 
Dirac  bilinears. 
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PREFACE 


As  described  by  the  title  the  object  of  this 
simple  work  is  the  kinematics  of  Dirac  spinors.  Needless 
to  say  it  was  meant  as  a  review.  However  it  is  hoped  that 
the  final  product  is  not  completely  devoid  of  originality. 

Chapter  I  recalls  how  one  is  led  to  the  Dirac 
equation  and  its  associated  gamma  matrices.  The  relativis¬ 
tic  invariance  of  the  equation,  discussed  in  the  second 
section,  provides  the  physical  motivation  for  the  fundamen¬ 
tal  theorem  of  gamma  matrices. 

The  first  section  of  chapter  II  is  a  standard 

presentation  of  the  properties  of  products  of  gamma  matrices 

The  second  section  discusses  the  degree  and  reducibility  of 

the  representations  of  the  fundamental  relations 
r  U  V  i  u  v 

iy  ,y  )  =  2g  I.  The  eventual  originality  of  the  discussion 
lies  in  a  complete  avoidance  of  the  theory  of  finite  group 
representations  or  the  theory  of  Clifford  algebras.  The 
resulting  treatment  is  self-contained  and  elementary;  this 
might  be  of  some  pedagogical  interest. 

Chapter  III  deals  with  the  fundamental  theorem  of 
gamma  matrices.  The  usual  proof  is  modified,  leading  to  a 
shorter  and  perhaps  more  elegant  one.  Some  elementary  conse 
quences  of  the  fundamental  theorem  are  then  discussed;  for 
instance  it  is  shown  that  there  exists  no  system  of  real 
gamma  matrices. 


v 
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.  l 


While  the  main  result  of  chapter  III  asserts  the 


existence  of  a  certain  non-singular  matrix  S  connecting 
two  systems  of  gamma  matrices,  it  says  nothing  about  the 
explicit  form  of  S.  It  is  the  aim  of  chapter  IV  to  try  to 
fill  this  gap. 

Chapter  V  discusses  in  detail  the  transformation 

of  spinors  under  or tho chronous  Lorentz  transformations.  The 

+ 

Lie  group  S  whose  elements  are  those  transformations  is 
carefully  studied.  Several  different  ways  of  describing  its 

elements  are  obtained.  it  is  finally  concluded  that  the  sub 

■f1  ,  . 

group  S+  corresponding  to  proper  Lorentz  transformations  is 

isomorphic  to  SL(2,C). 

Chapter  VI  deals  with  the  tensors  obtained  by 
quadratic  combinations  of  spinors.  These  include  a  scalar 
and  a  pseudo-scalar,  a  vector  and  a  pseudo-vector  and  a 
twice  contr avar iant  antisymmetric  tensor.  These  objects 
are  not  independent  of  each  other.  Covariant  identities 
other  than  those  given  in  (Pauli  [1936])  are  derived  and 
used  to  provide  a  complete  solution  to  the  question  of  the 
algebraic  dependence  of  the  tensor  components.  This  analysis 
is  restricted  to  the  case  where  ip  is  an  ordinary  spinor  and 
not  a  field-operator. 
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CHAPTER  I 


THE  ORIGIN  OF  DIRAC  y  MATRICES 
( 1 )  The  Dirac  equation 

The  Dirac  y  matrices  arise  naturally  when  one  seeks 

a  relativistic  equation  for  the  wave  function  of  an  electron. 

We  suppose  that  this  wave  function  ip  is  a  function  from 

N 

spacetime  into  C  for  some  N  and  we  are  looking  for  a 
differential  equation  describing  its  behavior.  To  have  a 
close  analogy  with  the  Schroedinger  equation  we  want  it  to 
be  first  order  in  time.  In  order  to  be  invariant  under 
Lorentz  transformations  it  will  have  to  be  of  first  order 
in  the  space  derivatives  as  well.  The  most  general  form  of 
such  a  linear  homogeneous  equation  with  constant  coefficients 
expressing  the  time  derivative  of  ip  in  terms  of  the  space 
derivatives  of  ip  and  of  ip  itself  is  clearly: 


( 


+ 


imc 

i 


B) 


ip  =  o 


(i.i) 


where  a  and  3  are  N*N  complex  matrices  and  k  runs  from  1  to 

k  o 

3.  The  x  's  are  the  space  coordinates  and  x  =  ct.  The 

constant  in  front  of  3  takes  care  of  the  dimensions  appro¬ 
priately  if  m  is  a  mass.  To  be  consistent  with  the  relativis 

2  2  2  2  4 

tic  energy-momentum  relation  E  =  p  c  +  m  c  we  require 
that  ip  satifies  the  Klein-Gordon  equation  as  well.  Simple 
multiplications  give: 


1 


■ 


' 

. 


■ 


✓ 


.3  k  3  imc  0 ,  ,  3  k  3  imc  nv 

( — -  -  a  — -  -  — —  3)  ( r  +  a  — -  +  3) 


ix 


3xK  -h 


3  x 


3x 


32  1  ,  k  r  r  k  3  3  imc  .  k0  q  k  3  m2c2 

-  —(a  a  +  a  a  )  — —  — -  -  — —  (a  3  +  3a  )  — -  + 


2  2 


3  x 


3xk  3xr  t 


3x 


Upon  requiring  that 


{ak,ar}  =  -2gkr!,  (ak,3)  =0,  32  =  i  (1.2) 


where  {a,b}  =  AB  +  BA,  (g^V)  =  diag  (1,-1, -1,-1)  ,  this 


differential  operator  reduces  to  the  Klein-Gordon  operator 
3  2  2  m2c2 

( - —  -  V  +  — )  .  Whence,  when  conditions  (1.2)  are 


o 


.  3  x 

imposed,  any  solution  of  (1.1)  is  a  solution  of  the  Klem- 


Gordon  equation. 

For  the  purpose  of  studying  its  relativistic 
invariance,  eq.  (1.1)  is  more  conveniently  written  as 


, .  U~  me. , 

(iY  3  -  — =  o 

^  -h 


(1.3a) 


where 


k  _  n  k  ,  o  _  n 

y  =  3a  and  y  =3 


(1.3b) 


The  relations  (1.2)  are  then  equivalent  to 


{yy,YV}  =  2 g M v I ,  y , V  =  0,1, 2, 3 


yv 


(1.3c) 


A  system  of  4  complex  square  matrices  (y^)  satisfying  this 


last  equation  will  be  called  a  system  of  y  matrices. 


Since 


. 


. 
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their  square  is  +1 ,  y  matrices  are  non- singul ar .  Another 

immediate  consequence  of  (1.3c)  is  that  the  order  N  of 

.  12  N  2  1  N 

y  matrices  has  to  be  even:  det  y  y  =  (-1)  det  y  y  =  (-1) 

,  12  N 

det  y  y  ,  from  which  (-1)  =  1.  More  will  be  said  about 

this  later. 


( 2 )  The  relativistic  invariance  of  the  Dirac  equation 

From  now  on  we  will  take  units  in  which  c=n=l. 

Eq.  (1.3a)  then  reads: 

(-iyP9  +  m)  ip  =  0  (1.4) 

r 

The  "interaction"  with  an  external  electromagnetic 
field  of  4-potential  A^  is  achieved  through  the  so-called 
minimal  electromagnetic  coupling  in  which  p^  =  i9^  is 
replaced  by  p  -  eA  =  iD  ,  that  is  D  =9  +  ieA  ,  e(<o) 

y  y  y  y  y  y 

being  the  charge  of  the  electron.  Whence  in  the  presence  of 
an  external  electromagnetic  field,  eq.  (1.4)  becomes: 


(-iyyD^  +  m)\p 


0 


9  +  ie  A 

y  y 


(1.4'  ) 


We  want  to  find  a  transformation  law  for  ^  such  that  eq. 
(1.4')  remains  invariant  under  orthochronous  Lorentz 
transformations.  If  ^  is  such  a  Lorentz  transformation  it 
is  assumed  that  the  corresponding  transformation  for  ip  is 


linear : 


4 


ip'  (x '  )  =  S(fi)^(x)  det  S  J-  0 


(1.5) 


[-1  (Sf2P,vys  1)-1-  +  (Si2P  YPS  SsJ  +  mj  tp 
P  3yp  P  p 


0 


This  will  be  identical  in  form  with  (1.4')  if  and  only  if 


(1.6) 


But  it  turns  out  that  the  ^'s  are  also  y  matrices: 


Therefore  the  invariance  of  the  theory  will  be  guaranteed 
if  we  can  show  that  any  two  sets  of  y  matrices  are  related 
by  a  similarity  transformation  as  in  eq.  (1.6).  In  the 
coming  sections  the  existence  of  such  a  similarity  transfor¬ 
mation  will  be  proved  in  a  way  which,  to  our  knowledge,  is 
original  to  a  certain  extent. 

The  theory  ought  to  be  invariant  under  space-time 
translations  as  well.  This  is  achieved  by  letting  simply 
ip '  (x')  =  ^(x)  under  the  translation  x'  =  x  +  a. 

Besides  equation  (1.4)  we  will  sometimes  refer  to 
the  so-called  adjoint  equation.  The  adjoint  ip  of  ip  is  defined 
by 


■ 
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ip  =  ip+  Y°  (1.7) 

Provided  that  the  y^'s  are  unitary  equations  (1.4) 
and  (1.4')  are  easily  seen  to  be  equivalent  to  the  following 
equations  for  \p  : 


+  m)  =  0  (1.8) 

r 

—  ij-«-  *  * 

ifj(iy  D  +  m)  =  0  ,  D  -  ieA  (1.8') 

r  '  y  y  y  y 

From  this  equivalence  it  is  clear  that  the 
invariance  of  equations  (1.4),  (1.4')  implies  that  of 

equations  (1.8),  (1.8'). 


.  -> 

CHAPTER  II 


GENERAL  PROPERTIES  OF  y  MATRICES 

The  aim  of  this  chapter  is  to  investigate  the 

properties  of  a  general  system  of  y  matrices.  The  first 

part  studies  essentially  the  properties  of  their  products. 

This  is  completely  standard.  The  second  part  studies  the 

degrees  and  reducibility  of  all  possible  representations  of 

r  U  V-,  liV 

the  relations  {y  ,y  }  =  2g  I.  Unlike  the  first  part  it 
might  be  original.  This  is  because  we  have  found  a  way  of 
treating  these  questions  without  using  the  theory  of 
representations  of  finite  groups  or  the  theory  of  Clifford 
algebras.  Thus  our  treatment  is  self-contained  and 
e 1 ement ary . 

u 

(1)  Products  of  y  's 

Let  {y^ }  be  a  system  of  arbitrary  NXN  y  matrices. 
Out  of  them  we  construct  the  following  sixteen  matrices 
which  will  play  a  great  role  in  our  considerations. 

Table  1  List  of  the  matrices  yA 


6 


. 

*  :  •  '  -  ‘  ■  -y  •-  m  m  IBM 
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We  will  denote  this  set  of  16  matrices  by  F  and  refer  to  its 

A  A 

members  by  the  symbol  y  ,  A=l,...,16.  The  inverse  of  y 

will  be  denoted  by  y  .  Indices  on  the  y^ ' s  will  be  raised 

A 

and  lowered  with  respect  to(g  )=  diag  (1,-1, -1,-1).  Notice 

^  + 

that  the  y^'s  are  unitary  if  and  only  if  y^  =  y^.  We  also 
adopt  the  following  notations: 


Y 


[yv]  _ 


y  v  .  , 

y  y  if  y^v 


otherwise 


Y 


[Ayv]  _ 


X  y  v 

y  y  y  if  A,y,v  are  all  different 


0  otherwise 


Y 


[yvXp]  _ 


£yvXp  ^ 

where  is  zero  if  y,V,X,p  are  not 

all  different  and  is  otherwise  equal  to 

0  12  3 


the  sign  of  the  permutation  ( 

,  .  0123 

Whence  =l=-£ 

012  3 


y  V  X  p 


) 


.yv  - 


=  i  Y 


[yv] 


All  these  quantities  are  completely  antisymmetric  with 
respect  to  their  indices. 

Our  set  T  has  remarkable  properties  which  we  now 
proceed  to  derive. 


• 

' 
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Proposition  (2.1)  :  The  square  of  any  member  of  T  is  I  or  -I. 

Proof:  This  is  an  obvious  consequence  of  the  fact  that  the 

square  of  each  y^  is  +_I  and  they  all  anticommute. 

1 \ 

In  our  table  we  have  arranged  the  y  's  in  such  a  way  that 
all  those  with  square  +1  are  on  the  left,  the  others  on  the 
right . 

Propos i tion  (2.2)  :  The  product  of  two  members  of  T  is,  up 

to  a  sign,  again  a  member  of  T: 


A  B  C  (A  ,  B) 

y  y  =  £  y  , 

11  AB  f 


:  =  +  1 
AB  - 


(2.1) 


Proof:  This  is  again  an  obvious  consequence  of  the  anti- 

y 

commutation  of  the  y  's  and  the  fact  that  their 
square  is  +_I . 

Proposition  (2.2'):  The  functions  £ ^ n  and  C(A,B)  appearing 

■ -  AB 

in  eq.  (2.1)  are  the  same  for  all  systems  of  y  matrices. 
Proof:  This  is  trivally  true  by  construction. 

Equation  (2.1)  together  with  the  apparently  innocent 
proposition  (2.2')  will  be  the  key  to  our  proof  of  the 
fundamental  theorem  of  y  matrices. 

Proposition  (2.3)  :  All  members  of  T  other  than  I  have 

vanishing  trace. 

y 

We  first  prove  it  for  the  y  's.  Let  V  be  given  and 
choose  ]i^V.  From  y^y^  +  Y^Y^  =  +21  we  deduce 


y  v  y  v  y  y 

-Y  (Y  Y  )  +  (Y  Y  )Y  =  +2  Y 


V 


Proof : 


' 


■ 

. 


'  . 


.  ■  •' 


'  J  I 


. 


V  U  V  li  V  u  u 

and  whence  +_2TrY  =  -Tr  (y  (y  y  )  )  +  Tr  [  (y  y  )y  ]  =0 

because  in  general  Tr(AB)  =  Tr(BA) .  This  at  the  same 

.  5  r  U  5  1 

time  shows  that  Try  =  0  because  iy  ,y  j  =  0. 

U  V  u  v  V  u 

Next  if  then  Tr (y  y  )  =  0  because  Tr (y  y  )  =  Tr(-y  y  )  = 


-Tr(yvyp)  =  -Tr(yyyv) 


Since  y^V1^]  is  0f  the  form  +  y^  y^. 


the  same  argument  shows  that  Tr  y^^V^  =  o. 

Proposition  (2.4) :  If  one  fixes  A  in  equation  (2.1)  and  then 

lets  B  go  from  1  to  16,  C(A,B)  goes  over  all  the  values  in 

{l , . . . , 16} . 

Proof:  Since  £ =  +1 ,  eq.  (2.1)  may  be  rewritten  as 


C  ( A  ,  B  ) 

y  =  £ 


AB 


A  B 

y  y 


A  B  A  B  ' 

Whence  C(A,B)  =  C(A,B')  implies  £ ^  y  y  eAB '  ^  Y 


B  B  1 

from  which  £  y  =  £  ,  y 

AB  '  AB ' 


But  clearly  this  is 
possible  only  if  B  =  B'  ;  therefore  if  B^B '  ,  then 


C ( A , B )  ^  C ( A , B ' )  and  the  conclusion  follows. 

& 

Propos i t i on  (2.5):  The  16  y  's  are  linearly  independent. 

16  A 

Proof:  Suppose  we  have  a  relation  I  CX  y  =0.  Let  us 

r\  —  -L 

pick  B  in  {l,...,16}  and  multiply  by  yB: 


v  BA  v  C  (B  ,  A 

0  =  £  a  y  y  =  a  e„,y 

A=1  a'  '  a= 1  A  ba' 


From  proposition  (2.4) ,  as  A  goes  from  1  to  16  in 
C  (  B  A  ) 

this  sum,  y  '  goes  over  the  whole  set  T.  For 
A=B,  yC^B,A^  =  i  and  for  all  the  other  values,  accor- 


J 


10 


C  (  B  A  ) 

ding  to  proposition  (2.3),  y  is  a  traceless 

matrix.  Whence  taking  the  trace  of  our  equation 

yields  4a  e  =  0,  or  a  =  0.  Since  B  was  arbitrary, 
B  Bd  B 

it  follows  that  the  y  's  are  independent. 

One  easily  obtains  the  following  product  rules,  some  of 
which  will  be  useful  in  the  sequel. 


y  [pa]  ypaG  5  yp  a  ya  p 

Y  Y  =  y0Y  +  g  Y  -  g  Y 


(2.2) 


y,,[pa9]  „ypa0„,5  _  _yp  [a0]  _  ya  [p0]+gy0  [pa] 


Y  Y 


=  -e  Y  +  g  Y 


g  Y 


Y  (2.3) 


y  5  l  y  [a3<S] 

Y  Y  ■  6  E  Y 


[a3]  [yv]  a0yv  5  o  y[a  3]  v  ^  v  [a  3]  y  . . 

Y  Y  =  -  £  Y  +  2  g  Y  Y  -  2g  Y  Y  (2.4) 


v[Pa]Y  =  I  ePa  v[a3^  =  y[pa] 
Y  t5  2  b  a3  "  Y 


(2.5) 


y  5  [pa]  ypa0  yp  a  ya  p 

Y  Y  Y  =  -  e  Y e  +  g  Y5Y  -  g  Y5Y 


(2.6) 


From  the  relation  (1.3c)  it  is  possible  to  derive  the 
commutators  and  an ti commutator s  of  all  pairs  of  elements 
of  T.  We  list  here  the  results. 


(  _ 

.  <* 
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Table  2 


Commutators 


and 


an ti commutators  of  the 


s 


[yy ,yv]  =  2  y  [yv] 

r  y  v,  ^  yv 

[yy,y5]  =  2yyy5 

{yy,y5}  =  o 

[YX,Yt|JVlJ  =  2<gXV-gXV> 

{YX,Y[yV1}  =  2  Y[XyVl 

[YM,YtPaT)]  =  2  ytwpax] 

{YP,Y[PPT1}  -  2(gyPY[°T!  + 

gTPY[po]  +  g0XY[yPl) 

[y5.y[uv1]  =  0 

{Y5,Y[yV]J  -  -  PyVP°Y[po] 

[YS,Y[XpaI]  =  2£XPaeYe 

{y5.y[Xpo!}  -  0 

[YtXpl,Y[UVll  =  2(gXVPvl  + 

gVXY[yPl  +  gPVYtXPl  + 
gPPYtVXI) 

{Y[Xp],YtyVl>  =  2Y[XPyVI  + 
2(gyPgVX  -  gyXgVp)I 

[Y[yVl,Y[XPal]  =  2Y5(£XpOV 

v  Apav  y 

y  -  e  y  ) 

{Y[UV]jYtXpo]}  _  _2^PP0 

0yv3 

£  y D  or  equivalently 

P 

r  [yv]  5  A,  „  yvAp 

ty  ,y  y  }  =  2£  y 

P 

[y  [Apa] ^  [a36 ] ]  =  2£Apa6 

a36y 

£  Y[9  or  equivalently 

r  5  y  5  v ,  _  [yv] 

[y  Y  ,Y  Y  ]  =  2y 

{Y[Xpa](Y[o.B6]}  _  _2£AP°0 

0a3<$  .  . 

£  I  or  equivalently 

r  5  y  5  v i  ^  yv 

{y  y  ,y  y  >  =  2gH  i 

. 


12 


•  r  u  Vi  u  v 

(2)  The  representations  of  the  relations  iy  ,y  j  =  2g  I 


yv 


We  now  come  to  the  part  of  this  chapter  dealing 
with  the  order  N  of  y  matrices  and  the  ir reducibi li ty  of 
such  sy s terns . 

Theorem  (2.6) :  The  order  N  of  y  matrices  cannot  be  smaller 

than  4. 

Proof:  The  dimension  of  the  complex  vector  space  of  NXN 

2 

complex  matrices  is  N  .  since  by  proposition  (2.5)  F  is  a 

2 

set  of  16  independent  matrices,  we  see  that  N  has 
to  be  >  16. 

Theorem  (2.7) :  The  matrices  defined  by 


O 

r°  =  (  0 

0 

1 

Q  O 

0 

r1 

= 

a . 

(°  1 
-a .  0 

1 

where 

a  = 
0 

c1  °» 

O  1 

ai=(i 

h 

O 

, 0 

0  =  ( . 

2  1 

)  i= 1 ,2,3  (2.7) 


=  (X  ° 
3  o-l 


)  (2.8) 


form  a  system  of  unitary  y  matrices. 

Proof:  From  the  relations  0.0.  =  i£.  0,  +  5.. a 

i  3  13k  k  13  o 

we  obtain 


{T1,!0}  =  -  ( 


{o .  ,0  .  } 

1  1 


o 


{a . ,0  . } 
1  3 


)  =  2  g1  I 


O  0  .  O  O  . 

{r\r°}  =  x)  -  x)  =  0 

a .  o  0.0 

1  1 


<r°,2  =  1 


The  fact  that  each  is  unitary  follows  from 

+ 


r°  =  r° 


.  + 

r1  =  -r1 


(2.9) 


,  - 


i  ■  ;  '•  ■  1  I*  **im 


. 
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This  system  {T^1}  is  referred  to  as  the  Dirac  representation. 

Our  next  theorem,  in  group  theory  language,  would  be 
said  to  reflect  the  i r re ducib i li ty  of  any  set  of  4x4  y 
matrices . 

Theorem  (2.8) :  Let  {y^}  be  a  system  of  4x4  y  matrices. 

Any  matrix  commuting  with  the  four  of  them  has  to  be  a 
multiple  of  the  identity. 

Proof:  Suppose  M  is  such  a  matrix.  It  follows  that  it 

commutes  with  every  y  in  T.  But  proposition  (2.5) 

says  that,  in  the  case  under  consideration,  Y  is  a 
basis.  Therefore  M  commutes  with  everything.  But 
it  is  easy  to  prove  that  any  linear  operator  on  a 
vector  space  commuting  with  all  the  others  has  to  be 
a  multiple  of  the  identity.  The  conclusion  applies 
to  M . 

Theorem  (2.8)  will  be  used  repeatedly  in  the  sequel.  Together 
with  the  fundamental  theorem  of  y  matrices,  which  is  the 
subject  of  the  next  chapter,  it  lies  at  the  basis  of  most 
of  the  constructions  which  we  will  make. 

So  far  all  we  know  about  the  possible  order  of  y 
matrices  is  that  N  is  even  and  ^  4  (see  the  discussion 
following  eq.  (1.3c)  and  theorem  (2.6)).  It  is  in  fact 
known  that  N  has  to  be  a  multiple  of  4.  This  can  be  proved 

by  using  the  theory  of  representations  of  finite  groups  (the 
starting  point  of  such  an  approach  is  to  observe  that  the  set 
r  =  i+y  ;y  eT }  is  a  group)  (Jansen  and  Boon  [1967])  .  The 
proof  we  give  here  is  (to  our  knowledge)  original  and  owes 


* 


. 
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absolutely  nothing  to  group  theory.  We  start  with  a  little 
lemma  which  will  also  be  used  in  the  proof  of  another  result. 
Le mm a :  Let  {y^}  be  an  arbitrary  system  of  Y  matrices.  Then 

y°  and  iy^y2  can  always  be  diagonalised  simultaneously 


Proof:  Let  A  be  a  matrix  such  that  A  =  I. 


Then  A  may  be 


written  as  A  =  I  -  2P  where  P  is  a  projector,  namely 
1  2 

P  =  —  ( I - A ) ,  (P  =P) .  But  a  projector  can  always  be 
diagonalised;  whence  so  can  A.  Our  two  matrices 
commute  and  have  square  I.  So  the  conclusion  follows 
Theorem  (2.9)  :  The  order  N  of  y  matrices  has  to  be  a 

multiple  of  4 . 

Proof:  Let  {y^}  be  a  system  of  y  matrices.  By  the 


p  re vi ous 


lemma  we  may  assume,  by  performing  a  similarity 

transformation  on  {YP}  if  necessary,  that  y°  and 
12 

iy  y  are  diagonal.  Since  their  square  is  I,  their 
diagonal  entries  have  to  be  +1.  Moreover  since  by 
proposition  (2.3)  they  are  both  traceless,  the  number 
of  +l's  has  to  be  equal  to  the  number  of  -l's.  Again 
by  performing  a  similarity  transformation  if  necessary 


o 


we  may  assume  that  y  = 


I  0 
0  -I 


N  is  even  so  there 


is  an  integer  n  such  that  N=2n.  Let  us  write 
1  2 

iy  y  =  diag  (a, , . . . , a  ,b . , . . . ,b  ).  The  matrix 

1  n  1  n 

y°iy^y2  is  also  traceless  and  its  trace  is  a^  +  ... 

+  a  -  (b„  +  ...  +  b  ) .  Now  we  have  to  distribute 

n  1  n 

n  +l's  and  n  -l's  among  a^  ,  .  .  .  ,  a^  , b ^  ,  .  .  .  , b^ . 


‘ 


J  B 

' 


■ 

. 


' 


1 . 
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Suppose  that  we  put  r  -  l's  (0£r£n)  in  a  ,  .  .  .  ,  . 

There  are  n-r  left  over  to  be  distributed  among 

b,  , .  .  ,b  and  therefore  we  have: 

1  n 


a_+...+a  =  -r  +  (n-r)  =  n-2r 

1  n 


b_+...+b  =  -  (n-r)  +  r  =  -  n  +  2r 

1  n 

,  o  .  12 

Whence  Try  iy  y  =  n-2r-(-n+2r)  =  2n  -  4r.  In  order 


that  this  vanishes  we  must  have  r  = 


n 


Since  r  is  an 


integer  it  follows  that  n  is  even?  whence  N  =  2n  is 
a  multiple  of  4 . 

Coro 1 1 ary :  y  matrices  of  arbitrary  order  have  determinant  1 

^  T  I 


Proof:  y  is  similar  to 


-I 


and  N  is  a  multiple  of  4. 


Whence  det  y°  =  (-1)N//^  =  1.  A  similar  argument 

applies  to  the  y  's. 

The  final  result  of  this  section,  which  we  are  about  to 
present,  is  not  the  least  in  importance  since  it  establishes 


in  some  sense  the  uniqueness  of  the 


equation  for 


the  electron  wave  function.  As  one  might  guess  we  are  going 
to  be  concerned  with  the  ir r educ ib i li ty  of  the  representations 
of  eq.  (1.3c) .  It  is  well  known  that  the  only  irreducible 
representations  are  provided  by  matrices  of  order  4.  This 
result  makes  one  think  of  group  theory  and  of  course,  like 


theorem  (2.9) ,  it  can  be  derived  via  the  theory  of  represen¬ 


tations  of  finite  groups  (Jansen  and  Boon  [1967]). 


But  as  we 


* 


1 

■ 


tk. 


. 


16 


did  for  theorem  (2.9)  we  have  found  a  simple  way  of  proving 
it  keeping  away  from  group  theory.  Our  proof  is  likely  to 
have  been  thought  of  before  but  we  have  not  met  it  anywhere. 
Theorem  (2.10)  :  Any  (unitary  or  not)  representation  of  eq. 

(1.3c)  can  be  reduced  to  one  of  degree  4.  Whence  the 
irreducible  ones  are  those  of  degree  4. 

Proof:  Let  {y^1}  be  such  a  representation.  By  the  previous 

lemma  we  know  that  it  is  equivalent  to  one  in  which 
o  12 

y  and  iy  y  are  both  diagonal.  So  we  may  assume 

without  loss  of  generality  that  they  are  diagonal. 

In  order  that  a  subspace  be  invariant  under  {y^}  it 

is  clear  by  proposition  (2.2)  that  it  is  necessary 

and  sufficient  that  it  be  invariant  under  the  set  F 

of  table  1.  Now  pick  a  non  vanishing  vector  u 

A 

and  define  u  =  y  u.  Again  by  proposition  (2.2)  it 

is  clear  that  the  subspace  V  spanned  by  the  u^ ' s  is 

F-invariant.  The  special  trick  of  the  proof  lies  in 

an  appropriate  choice  of  u.  From  the  proof  of 

theorem  (2.9)  one  easily  checks  that  one  can  pick  a 

o  .12 

non  vanishing  u  such  that  y  u  =  iy  y  u  =  u .  We 

claim  that  the  subspace  V  spanned  by  the  correspon¬ 
ding  u^ ' s  is  4-dimensional.  Indeed  it  is  generated  by 

u,u1  =  y  u,  u3  =  y  u  and  u  ^  =  y  Y  u.  This  is  seen 

_  o  1 

by  letting  I  act  on  u :  Iu  =  u ,  y  u  =  u ,  y  u  =  u 


. 


■ 
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2  112  3  12 

yu=-YYYu=  iu1 ,  Y  u  =  u  ,  Y  Y  u  =  -iu, 

3  1  2  3  3  1  1  2  .  o  1 

Y  Y  u  =  u  ,  YYu=YYYYu=  -iu  ,  Y  Y  u  =  -u1, 

o  2  .  o  3  o  1  2  12 

Y  Y  u  =  -iu1 ,  Y  Y  u  =  ~u  3 ,  YYYu  =  YYu  =  -iu, 

031  o  2  3  .  123  312 

Y  Y  Y  u  =  u  Y  Y  Y  u  =  _1U31'  YYYu=YYY  u  =  _1U3' 

Y5u  -  iu3  . 

By  theorem  (2.6)  the  vectors  u,  ,  u3^  are 

necessarily  linearly  independent.  This  co mp 1 e t e s 
the  proof. 

From  now  on,  when  we  talk  about  Y  matrices,  unless 

otherwise  stated,  it  will  always  be  understood  that  these  are 

u 

4X4  matrices.  In  physical  applications  the  Y  's  are  always 
unitary.  All  the  Y  1 s  are  then  unitary  as  well.  But  as 
Pauli  did  in  his  paper  (Pauli  [1936])  we  will  invoke  this 
assumption  only  when  needed:  as  has  already  been  seen  many 


results  follow  without  it. 


- 

j  '  i 


CHAPTER  III 


THE  FUNDAMENTAL  THEOREM  OF  y  MATRICES  AND  CONSEQUENCES 

( 1 )  The  fundamental  theorem 

The  so-called  fundamental  theorem  of  y  matrices 

is  the  basis  upon  which  lies  the  relativistic  invariance  of 

the  Dirac  theory  of  electrons  and  positrons.  This  section 

is  devoted  to  its  proof  and  to  the  exposition  of  some  of  its 

consequences.  The  proof  that  we  give  is,  to  our  knowledge, 

original  and  is,  as  will  be  seen,  quite  simple.  It  is  based 

on  a  seldom  used  result  of  linear  algebra.  To  preserve  the 

continuity  of  exposition  the  proof  of  this  result  will  be 

deferred  to  the  end  of  this  chapter.  As  will  be  seen  later, 

we  state  it  here  in  a  restricted  context  which  will  be 

sufficient  for  our  purpose. 

Let  us  denote  by  A^(C)  the  algebra  of  n><n  complex 

matrices.  By  an  automorphism  of  A  (C)  we  mean  a  bijective 

n 

linear  map  h  :A  (C)  -*  A  (C)  which  also  preserves  multiplica- 

n  n 

tion,  that  is  for  any  y,V  in  C  and  M,N  in  A  (C)  we  have: 

n 

h(yM  +  VN)  =  yh(M)  +  Vh(N),  h  ( MN )  =  h(M)h(N),  h  (M )  =  0=>  M=  0  . 

It  is  clear  that,  given  a  non-singular  S  in  A^(C) , 
the  map  M  -►  SMS  ^  is  an  automorphism  of  A^(C)  .  The  result  of 
linear  algebra  we  were  referring  to  is  the  converse  of  this. 
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Theorem  (3.1) :  If  h  is  an  automorphism  of  A^(C) ,  then 

there  exists  anon-singular  matrix  S  in  A^(C)  such  that 


h ( M )  =  SMS  1  for  all  M. 

Having  stated  this  we  may  now  give  our  proof  of  the 
fundamental  theorem.  As  was  mentioned  in  chapter  II  (section 
1)  the  key  of  this  proof  is  eq.  (2.1)  together  with  the 
trivial  proposition  (2.2'). 

Theorem  (3.2)  :  (The  fundamental  theorem  of  y  matrices)  :  Let 

{y^1},  {y ^ }  be  two  systems  of  4X4  y  matrices.  Then  there 
exists  a  non-singular  matrix  S  such  that  y^  =  S  y^S. 


Proof:  Let  T  and  T  be  the  two  sets  constructed  from  {y^} 

and  {y according  to  table  1.  From  proposition 

(2.5)  we  know  that  both  T  and  T  are  basis  of  A^  ( C )  . 

Therefore  we  may  define  a  linear  map  h:  A  ( C )  A^(C) 

A  A 

by  h (y  )  =  y  and  this  map  is  bijective.  Moreover  it 

V  A 

preserves  products.  Indeed  let  M  =  ^  y  , 

g 

N  =  £  3  y  .  Then  we  have: 

B  B 

h(MN)  =  h(E  a  B  yA  yB)  =  E  a  B  h(eftB  yC(A,B))  = 
AB  AB 


E  a  3  e  9c<a'b>  =  E  B0  Y*  YB  =  h(M)h(N) 

AB  AB 


where  we  have  used  propositions  (2.2)  and  (2.2*)  . 
Hence  h  fullfills  all  the  conditions  of  theorem  (3.1) 
and  it  follows  that  there  exits  a  non-singular  S  such 
that  =  h  (yA)  =  s  1yAs 


( q  .  e  .  d  .  )  . 


* 


« 


. 
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Proposition  (3.1) :  The  matrix  S  of  the  fundamental  theorem 

is  unique  up  to  a  multiplicative  factor. 

Proof:  Suppose  that  S  and  T  satisfy 

.u  -i  y  -l  u 

t  =  s  y  s  =  t  y  T 


It  follows  that  the  commutator  [y^,  ST  ^ ]  vanishes. 

From  theorem  (2.8)  we  may  therefore  conclude  that 

ST  =  cl  or  T  =  —  S  (q.e.d.). 

c 


( 2 )  Consequences  of  the  fundamental  theorem 

The  matrix  S  of  the  fundamental  theorem  is  of  course 
closely  related  to  the  systems  of  y  matrices  from  which  it 
arises.  This  is  illustrated  in  the  following  little  result 
which  we  present  here  as  a  curiosity,  since  we  shall  not 
use  it  later. 

Proposition  (3.2)  :  Let  {y^}  and  {y^}  be  two  systems  of 

A 

y  matrices,  with  associated  sets  T  and  F.  The  invertible 

matrix  S  such  that  y^  =  S  y^  S  has  the  same  coordinates 

/\ 

in  both  basis  F  and  T. 

A  A  a  A  A 

Proof:  Let  S  =  Z  a  y  =  Z  3  y.  From  sy  =  y  S 

A  A 

A  A 

we  ge  t 


B  v  BA  ^  B  v  ^  A  ^B 

ys=SaAy  y  =sy  =Z3ay  y 

A  A 

B  A 

Taking  the  trace  on  each  side  of  Z  a  y  y  = 

A  A 

and  using  propositions  (2.3)  and  (2.4)  gives 
«B  =  (q.e.d.). 


^  A 

Y 


. 


' 
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Another  connection  between  {y^}  and  S  which  will  not  be 
a  mere  curiosity  for  us  is  the  following. 

Proposition  (3.3):  Let  {y  } ,  {y^}  be  two  systems  of 

y  matrices  such  that  all  the  y^'s  and  y^'s  are  unitary. 

Then  the  matrix  S  connecting  the  two  systems  can  be  chosen 
to  be  unitary.  Such  a  choice  is  unique  up  to  a  phase  factor. 
Proof:  We  have  from  the  unitarity  of  y^,  ^  and  y^  =  S  1  y^S 

i  +  +  +  _  + 

-1  O  „  a  O  aO  +  o  -1  +  o  -1 

s  ys  =  y=  y  =sy  s  =sys 


•  .  .  +  .  +  + 
,-1  1  _  A  1  A  1  +  1  -1 

;  y  s  =  y  =  -y  =-sy  s 


+  i  -1 
=  S  y  S 


+ 


that  is  S  ^  y^1  s  =  s+  y^1  s  ^ 


+ 


From  this  we  infer 


u  + 

[y  ,  SS  ]  =  0,  and  by  theorem  (2.8)  conclude  that 

SS  +  =  cl.  Now  SS+  is  obviously  self-adjoint  and 

positive.  Whence  c  is  real  and  >  0.  Taking 

S'  =  — —  S  yields  the  required  unitary  matrix.  The 
/c 

fact  that  the  choice  of  a  unitary  S  is  unique  up  to 
a  phase  factor  is  obvious  in  view  of  proposition  (3.1) 
and  the  unitarity  condition. 

The  fundamental  theorem  allows  us  to  draw  other  interesting 
general  conclusions  about  y  matrices.  For  example,  it  says 
that  y °  has  to  be  similar  to  the  matrix  r°  of  eq.  (2.7)  . 


Whence  the 


and  minimal  polynomials  of  y  have 


2  2 

to  be  (t+1)  (t-1)  and  (t+1) (t-1)  respectively,  and  its 

determinant  is  1.  To  make  similar  remarks  about  y1  we  observe 

r  A  11  T  ,  A  o  1  A  1  ,  O  A  2  2  A  3  3 

that  the  set  {y  }  defined  by  y  =iy,y  =iy,y  =  y  ,  y  =y 


. 


,  .  ; 


. 
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is  also  a  system  of  y  matrices.  Whence  iy1  is  similar  to 
r°,  or  y 1  is  similar  to  -ir°.  This  shows  that  the  charac¬ 
teristic  and  minimal  polynomials  of  y^  (or  any  y^)  are 
2  .  2 

(t  +  i)  (t-i)  and  (t  +  i)  (t-i)  respectively  and  its  deter¬ 
minant  is  1.  These  observations  lead  themselves  immediate¬ 
ly  to  the  following  algebraic  characterization  of  matrices 
which  can  be  y  matrices. 

Proposition  (3.4)  :  Let  M  be  a  complex  4><4  matrix.  In  order 

that  M  be  the  y°  of  a  {y^}  system  it  is  necessary  and 

sufficient  that  its  characteristic  and  minimal  polynomials 
2  2 

be  (t+1)  ( t  — 1 )  and  (t+1)  (t-1)  respectively.  In  order  that 

M  be  the  y ^  (or  y  or  y^)  of  some  {y^}  system  it  is  necessary 

and  sufficient  that  the  characteristic  and  minimal  poly- 

2  2 

nomials  of  M  be  (t+i)  (t-i)  and  (t  +  i)  (t-i)  respectively. 

Before  we  close  this  chapter  with  the  proof  of 

theorem  (3.1)  we  give  a  last  application  of  the  fundamental 

theorem.  This  theorem  enabled  us,  in  a  rather  curious  way, 

to  answer  a  question  which  arises  naturally  when  dealing 

with  y  matrices.  When  we  look  closely  at  the  set  of 

2 

eq.  (2.7)  we  notice  that  all  these  matrices,  except  F  ,  are 
real.  Whence  it  seems  natural  to  ask  whether  one  could  find 
a  system  of  y  matrices  where  all  the  matrices  would  be  real. 
The  answer  is  negative.  As  we  will  show  below,  the  exis¬ 
tence  of  such  a  system  would  imply  the  existence  of  a  com¬ 
plex  number  c  whose  squared  magnitude  c*c  would  be  -1;  this 


is  of  course  absurd. 


■ 


■ 


. 


' 


. 

> 


t  >  *  -  ■ 


■ 

*  •*»*  ^ 
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Proposition  (3.5)  :  There  exists  no  system  of  y  matrices 

such  that  each  y^  is  real. 

Proof:  Consider  again  the  particular  system  exhibited 

in  eq.  (2.7) .  If  {y^}  is  any  system  of  y  matrices 


the  fundamental  theorem  says  that  there  exists  a 


- 1  u  _u 

non-singular  s  such  that  S  y  S  =  i  . 


Let  M  =  i  y 


E  03i  ]  TT  .  r  2  *  r  2  ,  ,rV  ,*  r 

.  Using  I  =  -  r  and  (i  )  =  T 


(3.1) 

V 


for  V  7*  2,  one  easily  checks  that  the  following 
equation  holds  true: 


- 1  *  v  _  v 

S  (M  y  M)  *  S*  =  T  ,  V  =  0 , 1 , 2 , 3 


(Here  *  means  complex  conjugate.) 

From  this  equation  and  equation  (3.1)  we  obtain 
- 1  *  V  -1  V 

s  (m  y  M)  *  s*  =  s  y  s 

V 

If  we  now  suppose  that  all  the  y  's  are  real,  this 
last  equation  may  be  rewritten  as  : 

V  V*  - l  v  -1 

y  =y  =MS*S  y  SS*  M 

from  which  we  deduce  that  [y V ,  MS*  S  ^ ]  =  0 .  This 
implies  that  there  exists  a  number  c  such  that 
MS*  S  ^  =  cl.  This  gives  the  equation  S  =  ^j-M  S* 
and  its  complex  conjugate  S*  =  (-M)S.  Substituting 

the  second  in  the  first  yields  cc*  =  -1,  a  contradic¬ 
tion.  Therefore  the  four  y^'s  cannot  all  be  real. 


' 


•  ■  ■ 


Though  there  is  no  system  of  real  y  matrices,  there  are 


systems  in  which  the  y^'s  are  purely  imaginary.  Their 
special  interest  is  that  they  make  the  free  Dirac  equation 
(1.4)  real;  hence  if)  is  a  solution  if  and  only  if  its  real 
and  imaginary  parts  are  separate  solutions  of  the  equation. 

It  is  easy  to  give  a  fairly  explicit  description  of 
all  these  systems.  Let  {y^}  be  an  arbitrary  system  of  y 
matrices.  By  the  fundamental  theorem  there  exists  an 
invertible  matrix  T  such  that  y^1  =  T  ^T^T,  where  {F^1}  is 
the  particular  system  of  equation  (2.7) .  Due  to  the  fact 

that  T2 is  purely  imaginary  while  T°,  and  T3  are  real,  the 

y  .  -1*2  * 

Y  's  will  be  purely  imaginary  if  and  only  if  T  i  T  - 


T  1r2T  and  T_1*rVT*  =  -T"1rVT,  for  V  =  0,  1,  3. 


This  is 


*  - 1  2 

equivalent  to  saying  that  T  T  commutes  with  F  and  anti¬ 
commutes  with  T°  ,r1  and  T3.  This  implies  T  T  =  otF  or 
T  =  ar  T.  Clearly  the  number  a  has  to  be  a  phase  factor. 


.  .  A  B 

Upon  writing  T  = 

C  D 

is  easily  seen  to  be 


2 

,  the  general  solution  of  T  =  aF  T 


B 


T  =  ,  A  and  B  arbitrary,  |a 

This  can  be  alternatively  written  as 

u 


=  1 


T  = 


v 


.  *  * 
■ia  v 


u  and  v  arbitrary,  |  ot  |  =  1 


1 


■ 


■ 


where  u  and  v  are  row  vectors.  As  long  as  the  choice 
of  A  and  B  leads  to  an  invertible  matrix  T,  the  matrices 
T  3TyT  will  form  a  system  of  purely  imaginary  y  matrices. 
Conversely  all  the  purely  imaginary  systems  can  be  obtained 
that  way. 

The  particular  choice  A  =  ,  B  =  ~  °2 

and  a  =  -1  gives  the  system 


Y 


o 


-i  a 

( 


3 


1 


It  is  referred  to  as  the  Majorana  representation. 


■ 


. 

' 


• 
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(3)  The  proof  of  theorem  (3.1) 

We  now  come  to  the  proof  of  theorem  (3.1) .  As 
mentioned  at  the  beginning  of  this  chapter  we  stated  it  in 
a  restricted  context.  It  turns  out  that  it  is  also  true  for 
A^(K) ,  the  algebra  of  n*n  matrices  over  an  arbitrary  field  K, 
for  example  the  field  of  real  numbers.  We  stated  it  for 
K=C  because  this  was  all  we  needed.  Quite  amusingly  it 
wasn't  our  knowledge  of  this  result  which  inspired  our  proof 
of  the  fundamental  theorem  but  rather  the  study  of  the  usual 
proofs  of  the  fundamental  theorem  lead  us  to  guess  that  such 
a  result  might  be  true.  We  were  able  to  trace  it  in  only 
one  book  (Herstein  [1964])  where  it  is  stated  as  a  problem 
(problem  27,  page  279) .  Therefore  the  proof  we  give  here 
is  ours.  It  is  possible  that  a  shorter  proof  could  be  given. 
Theorem  (4.1'):  If  h  is  an  automorphism  of  A  (K),  that  is 

a  bijective  linear  map  preserving  products  of  A^(K)  onto 
itself,  then  there  exists  a  non-singular  matrix  S  in  K  such 
that  h (M )  =  SMS-1  for  all  M. 

Proof:  Throughout  this  proof  we  don 1 t  use  the  summation 

convention.  We  will  denote  by  |l>,...,|n>  the 
canonical  basis  of  Kn ,  that  is: 


■  m 

- 

1 

0 

1  >  = 

0 

• 

• 

II 

A 

CM 

1 

0 

• 

• 

0 

• 

• 

0 

■ 


■ 


. 


$  -mj 


. 


■ 


. 
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and  by  <1  |  ,  .  .  .  ,  <n  |  the  dual  basis:  <i|j>  =  6 

We  denote  by  M  the  matrix  having  null  entries 


except  at  the  intersection  of  the  1 


th 


row  and  the 


t  h. 

j  column  where  it  has  a  1:  <k  I  M .  .  I  Jl>  =  6,  .  6.„. 

'  ID  kl  D 

These  matrices  multiply  according  to  M. .M  .  =  6  M.., 

1]]  XX/  J  K  IX/ 

and  they  form  a  basis  of  A  (K) .  Now  since  h  is  an 

n 

automorphism  the  matrices  H. .  =  h(M. .)  also  form  a 

13  3-D 

basis  and  multiply  according  to 


H  .  .  H.  o  =  6  H.  0 

l  j  kio  j  k  i£ 


(3.2) 


As  often  is  the  case  it  makes  the  argument  simpler 

to  think  of  H. .  as  a  linear  operator  instead  of  a 

ID 

matrix.  Whence  we  consider  h.  .  as  the  linear  operator 

ID 

on  Kn  whose  matrix  with  respect  to  the  canonical 


basis  is  H 


ID 


From  eq.  (3.2)  it  follows  that  H.^, 


H  are  n  projectors  such  that  H.  .H.  .  =  0  if  i^ j . 

nn  n  33 

Moreover  neither  of  them  is  0  because  h  is  an 
automorphism.  It  follows  immediately  from  this  that 


n 


there  exists  a  basis  n> '  of  K  such  that 


H  .  .  j  > '  =  6..  i > 1 

li  1  id 


(3.  3) 


From  eq.  (3.2)  we  also  deduce  that  H..  = 

13  n  id  DD 

This  together  with  (3.3)  implies  that 


H  .  .  k  > '  =  h.  .  6  . .  i>  '  ,  h..£K  ,  h .  0  (3.4) 

ID1  13  3k  1  13  13 


■ 

' 


- 


. 

.. 


.. 

-  :•  '4IWWKa.  .  W.WmsL.'  ■  ,& 
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Since  H__  is  a  projector,  h  =  1*  Moreover  eqs . 

(3.2)  and  (3.4)  clearly  imply  that  h  . ,  h,  .  =  h... 

lk  k]  13 

Now  let  us  define  a  new  basis  of  Kn  by 


|  i>" 

-  ir-  ! 

i>  '  . 

Then  we 

have  : 

hli 

H  .  .  | 
1 D  1 

h  .  . 

j  >  "  -  1 J 

hij 

•  |  i>  ' 

h  .  h  .  . 
ii  ij 

hij 

•  |  i  >  " 

H  .  . 
3-D 

0 

11 

A 

if 

Therefore  the  matrix  of  H. ,  with  respect  to  the 

basis  |  1  |  n> "  is  M^ .  gQ  f  g  i  s  the  transition 

matrix  from  the  basis  (|i>)  to  the  basis  (|i>") 

(  I  i> "  =  I  S..  I  j  > )  one  has  H .  .  =  S  M .  .  S  ,  that  is, 

1  •  31  1  ID  i] 

J  -1 

h(M.  .)  =  S  M.  .S  .  Since  h  is  linear  and  M.  .  is  a 

ID  ID  ID 

basis  it  follows  that  h(M)  =  SMS  for  an  arbitrary 
M  .  (q  .  e  .  d  .  )  . 


CHAPTER  IV 


AN  ALGEBRAIC  METHOD  FOR  FINDING  THE  MATRIX  S  OF  THE 

FUNDAMENTAL  THEOREM 


(1 )  Finding  S 

The  fundamental  theorem  of  y  matrices  asserts  the 
existence  of  an  invertible  matrix  S  connecting  two  given 
sets  of  4x4  y  matrices.  But  it  does  not  tell  us  what  S  is. 
In  later  chapters  we  shall  give  the  solution  of  this  problem 

when  the  two  sets  {y^},  {'9^}  are  related  through  a  Lorentz 

Au  _u  v 

transformation  y  =  ^y  by  using  Lie  group  techniques. 

This  is  what  is  usually  done  in  the  physical  literature.  In 


the  present  chapter  we  adopt  a  purely  algebraic  point  of 

.  u 

view  and  look  at  the  general  case:  the  y  '  s  are  not  assumed 


to  be  unitary  and  the  two  sets  {y^}  and  {yM}  are  not 


necessarily  related  through  a  Lorentz  transformation. 

There  are  people  who  investigate  what  happens  if,  instead 

of  using  the  field  of  real  numbers  to  construct  the 

Minkowski  space,  one  starts  with  a  field  having  only  a 

finite  (enormous)  number  of  elements.  The  aim  of  this  is 

to  introduce  a  fundamental  length  in  physics.  In  such  a 

framework  it  is  clear  that  one  couldn't  use  infinitesimal 

V  -1  u 

transformations  to  obtain  S  in  U  ^y  =  S  y  S.  The 
algebraic  method  which  we  set  up  in  this  section  and  the 


following  one  would  provide  a  substitute. 


29 


. 


. 
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The  equations  y^S  =  S  y^,  where  S  is  the  unknown, 
give  rise  to  a  system  of  64  linear  equations  with  16  unknowns. 
It  is  certainly  not  convenient  to  attack  this  directly.  We 

have  found  a  roundabout  way  which  simplifies  the  task 

•  r  -n  y  n 

considerably.  Consider  again  the  particular  set  IT  }  of 

eq.  (2.7) .  By  the  fundamental  theorem  there  exist  S  and  T 

such  that  y^  =  T  1  T  and  =  S  1  y^  S.  Clearly 

y^  =  (ST)  ■*"  y^1  (ST)  .  The  point  is  now  that,  thanks  to  the 

simplicity  of  {T^},  finding  S  and  T  is  very  simple  as 

shown  by  the  following  result. 

Proposition  (4.1) :  Let  {y^}  be  a  system  of  4x4  y  matrices. 


Then  the  systems 

(a) 


,  1  .  2n 
(y  +  iy  )u  =  0 


,1  .  2X 

w  (y  -  iy  )  =  0 


(b) 


(4.1) 


( I  +  y  )  u  =  0 


w  (I  +  y  )  =  0 


where  u  and  w  are  a  column  and  a  row  vector  respectively, 
have  non  vanishing  solutions  which  are  determined  up  to 
multiplicative  factors.  The  matrices  S  and  T  defined  by 


,3  1  3  1  . 

s=(yu  yu  u  yyu) 


T  = 


-w  y 


-w  y 


w 

1  3 
w  y  y 


(4. 2a) 


(4.2b) 


. 


■ 

: 


■ 


. 


satisfy 


(4.3) 


Proof : 


r 


y 


s 


The  fundamental  theorem  guarantees  the  existence  of 
the  matrices  S  and  T.  So  all  we  have  to  do  is  to 
show  that  they  necessarily  have  the  form  stated 
above.  We  begin  with  S.  We  first  decompose  all 
our  matrices  into  blocks  of  order  2: 


V 

r 

p. 

m 

X 

y“ 

S  = 

ft 

Q 

z 

u 

The  unknowns  are  now  the  four  2><2  matrices  X,Y,Z,U. 
The  equations  which  they  must  satisfy  are  derived 
from  (4.3)  and  are  as  follows: 


A1X  +  B 1 Z  =  -YCT. 

r 

A1 Y  +  B1U  =  XO . 

l 

c1x  +  d 1 z  =  -ua. 

c1 Y  +  DXU  =  za . 

1 


o  o 

A  X  +  B  Z  =  X 

o  o 

A  Y  +  B  U  =  -Y 

o  o 

C  X  +  D  Z  =  Z 

o  o 

C  Y  +  D  U  =  -U 


(4.4) 


The  second  and  fourth  equations  on  the  left-hand 
side  give 


x  =  (  a1 y  +  B1u)ai 
z  =  (c1y  +  D1u)ai 


(no  sum) 


(no  sum) 


(4.5) 

(4.6) 


. 


■ 


.  '■ 
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This  system  of  six  equations  can  be  rewritten  as 
follows 


X  = 

(A1Y  + 

B  1 U  )  0  x 

(4.7a) 

z  = 

(  C  1  Y  + 

D1U) 0± 

(4.7b) 

a2y 

+  b2u 

=  (A1  Y 

+  B1u)a1a2  = 

(A1Y  +  B1U)ia3 

(4.7c) 

a3y 

+  b3u 

=  (A1Y 

+  b1u)  a1(^3  = 

-  ( a 1 y  +  b 1 U )  ia2 

(  4 . 7d ) 

c2y 

2 

+  D  U 

=  (  C 1 Y 

+  D1u)aia2  = 

,1  1  ,  . 

(C  Y  +  D  U)ia3 

(4 . 7e) 

c3y 

3 

+  D  U 

=  (C1Y 

+  d1u)  a1cr3  = 

-  (C1Y  +  D1U) ia2 

(  4 . 7  f  ) 

The  first  two  give  X  and  Z  in  terms  of  Y  and  U  and 
the  last  four  guarantee  that  the  right-hand  sides 
in  (4.5)  and  (4.6)  are  independent  of  i.  The  prob¬ 
lem  is  now  reduced  to  finding  Y  and  U. 

From  the  identity 


U  V 

Y  Y  = 


U  V  u  V  u  V  u  V 

A  A  +  BMC  A^B  +  BMD 


UV  UV  UV  UV 

CMA  +  DMC  CPB  +  D  D 


(4.8) 


2 

we  see  that  multiplying  (4.7c)  by  A  ,  (4.7e)  by  B 

and  adding,  we  obtain: 


21  21  21  21 
-Y  =  [(A  A  +  B  C  ) Y  +  (A  B  +BD  )U]i03 

2  2 

Similarly  multiplying  (4.7c)  by  C  ,  (4.7e)  by  D 


and  adding,  we  obtain: 


*  '  i  ■ 


. 


. 


' 


. 


. 

. 


.  i  J 
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21  21  21  21 
-U  =  [  (C  A  +DC)Y+  (CB  +  DD  )U]iO 


These  last  two  equations  may  be  cast  into  one 
simpler  equation: 


1 

r  y 


,YC3 

u  a  ^ 
3 


(4.9) 


Moreover  one  can  check  that  the  process  can  be 
followed  backward  so  that  (4.9)  is  really  equiva¬ 
lent  to  (4.7c)  and  (4.7e). 

In  exactly  the  same  way  we  obtain  an  equation 
equivalent  to  (4.7d)  and  (4.7f): 

3  1  Y 

i  Y  Y  <0>  -  <ua2)  (4.10) 

2 

Now  let's  come  back  to  the  six  left-out 
equations  in  (4.4).  Substituting  in  them  the 
expressions  of  X  and  Z  given  in  (4.5)  and  (4.6) 
we  obtain : 


.2 

(A1  +  B 1 C 1  +  I ) Y  +  (A1B1  +  B 1 D 1 ) U  =  0  (no  sum) 

.2 

(D1  +  C1B1  +  I)U  +  (D1C1  +  C1A1)Y  =  0  (no  sum) 


(A°A1 

o  i  i . 

+  B  C  -  A  )  Y  + 

,  o  i  o  i 

(A  B  +  B  D 

-  B1 ) U  = 

,  o  i 

o  i  i 

,  o  i  o  i 

i  .  , 

(C  A 

+  D  C  -  C  )  Y  + 

(C  B  +  D  D 

-  D  )  U  = 

( A°  + 

I ) Y  +  B°U  =  0 

o  o 

C  Y  +  (D  +  I )  U  = 


0 


■ 
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From  (4.8)  we  see  that  the  factors  multiplying  Y  and 
U  in  the  first  two  equations  are  0.  Thus  they  are 
trivially  satisfied  and  contain  no  information.  The 
next  two  can  be  rewritten  as 

[Y°Y1  "  Y1]  (*)  =0  (4.11' ) 

and  the  last  two  as 

[y°  +  I]  (*)  =  0  (4.11) 

But  these  equations  are  one  and  the  same  as  (4.11') 
is  -y1  times  (4.11). 

Let  us  summarize  the  results  obtained  so  far. 

We  found  that  Y  and  U  are  determined  by  (4.9)  ,  (4.10) 
and  (4.11)  and  then  X  and  Z  follow  from  (4.5)  and 
(4.6)  . 

Y 

If  we  write  (  )  =  (u  v) ,  where  u  and  v  are 

column  vectors,  the  equations  (4.9),  (4.10)  and  (4.11) 

translate  to: 

1  2  . 

l  y  y  (u  v)  =  (u  -v) 
i  y3y1  (u  v)  =  (iv  -iu) 

(y°  +  I) (u  v)  =  (0  0) 


This  system  is  equivalent  to 
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1  2 

(Y  +  i  Y  )u  =  0 


(I  +  y  )  u  =  0 


3  1 

v  =  y  y  u 


x 

Similarly  if  we  set  (  )  =  (s  t) ,  where  s,  t  are 
column  vectors,  we  find  that  (4.5)  and  (4.6)  can 
be  written  as : 


(s  t)  =  y  (v  u) 


Whence  we  may  write  finally: 


S  =  (*  y)  =  (s  t  u  v) 

,3  1  3  1  x 

=  (Y  u,  Y  u,  u,  Y  Y  u) 


where  u  is  determined  by 


,  1  2n 
(Y  +  i  Y  )  u  =  0 


o 


(I  +  y  )  u  =  0 


As  one  might  expect,  once  we  know  how  to  find  S,  it 
becomes  a  simple  matter  to  find  T  (which  has  to  be  a 
multiple  of  S  ^ )  . 

The  equations  satisfied  by  T  are 


ry  T  =  T  Y^ 


' 


. 


. 


■ 


■  •  ■  " . •  ■"! 
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Taking  the  adjoint  and  remembering  that  r°  =  r° 
.  + 


while  T 1  =  -F1,  we  obtain: 


y°  t+  =  t+  r° 
-y1  t+  =  t+  r1 


+  .  + 
r  o  1  i 

But  1Y  /  ~Y  /  is  also  a  system  of  Y  matrices. 

Hence  the  last  two  equations  are  just  like  the 

equations  for  S.  Therefore  using  the  solution  just 

obtained  for  S  we  conclude: 

+  +  +  _  + 

+  .3  +  1  +  +  3  1  + . 

T  =  (~Y  w  ,  -Y  w  ,  w  ,  Y  Y  w  ) 


where  w  is  determined  by: 


1+  •  2+x  + 

( - Y  -  i  y  )w  =  0 

+ 

(I  +  Y°  )w+  =  0 


More  conveniently  we  may  now  write: 


T 


3 

-w  Y 

1 

-w  y 
w 

1  3 
w  Y  Y 


where  w  is  a  row  vector  determined  by 

w  (Y  -  l  Y  )  =  0 
w  (I  +  Y° )  = 


0 


•  I 


■  ■ 


' 
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We  also  asserted  at  the  beginning  that  the  equations 
(Y  +  i  y  ) u  =  0  and  (I  +  y°) u  =  0  determine  u  up  to  a 
multiplicative  factor.  To  see  that  this  is  true  one  first 
checks  that  the  statement  is  correct  when  y^  is  simply 
This  is  trivial  and  we  don't  do  it  here.  Now  an  arbitrary 
system  {y^}  is  related  to  {T^}  by  a  similarity  transforma¬ 
tion.  Whence  the  equations  (y1  +  i  y2)u  =  (I  +  y°)u  =  0 
can  be  viewed  as  the  equations  +  i  r2)u  =  (I  +  F°)u  =  0 

formulated  in  another  basis.  Accordingly  if  the  solutions 
of  the  second  system  form  a  one-dimensional  subspace,  so 
will  the  solutions  of  the  first  system.  A  similar  comment 
applies  to  w.  This  completes  the  proof. 

(2)  Application  to  the  equation  fi^yV  =  S  ^  y^  S 

The  customary  way  of  solving  the  equation 
fi^y^  =  S  ^  y^  S  for  S  uses  infinitesimal  transformations. 

One  puts  suitable  constraints  on  S  and  shows  that  the 
corresponding  solutions  form  a  group,  a  "double-valued 
representation"  of  the  or tho chrono us  Lorentz  group.  The 
matrices  S  are  then  obtained  by  "exponentiating"  the  Lie 
algebra  of  this  group.  We  shall  discuss  this  method  in 
detail  later  on  and  in  particular  use  it  to  show  that  the 
group  of  the  S  matrices  is  isomorphic  to  a  certain  very 
concrete  group.  For  the  moment  we  want  to  show  how  the 
results  of  the  last  section  can  be  used  to  find  S  explicitely. 


. 


i  *i 

■ 

■ 
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This  method  definitely  lacks  the  elegance  of  the  one  using 
infinitesimal  transformations  but  it  has  the  advantage  of 
being  purely  algebraic. 

Our  aim  is  to  find  S (ft)  such  that 


aP  _  ny  v  -1  y  „ 
Y  =  ft  Y  =  s  y  S 
v 


r  y  1 

The  set  \Y  /  is  fixed.  By  the  fundamental  theorem  there 
exist  M  and  V(ft)  such  that: 


V 


From  these  equations  we  deduce: 


ftP  YP  =  ftP  M  1rPM  =  M  1 V  1ryVM  =  M  1 V  1MYyM  1VM 
P  P 

Thus  the  problem  of  finding  S(ft)  for  an  arbitrary  ft  is 
reduced  to  that  of  finding  V(ft)  : 


S  (ft) 


M 


-1 


V  (ft)  M 


(4.12) 


In  the  preceding  section  we  have  established  that  V (ft)  is 
given  by : 


V  = 


-w  r 


-w  V 


w 


13 

w  r  r 


ry  =  ftyvrv 


where  w  is  a  solution  of 


' 

- 


. 


’ 

' 
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1  2 

w(r  -  i  r  )  =  o 


o 


w(i  +  r  )  =  o 


(4.13) 

(4.14) 


So  all  we  have  to  do  is  to  find  w.  To  this  end  we  decompose 
it  in  the  following  way: 


w  =  (u,v)  =  (u  ,  u 2  f  v  ,  v  ) 


(4.15) 


Equation  (4.13)  then  reads: 


o 

o 

Q 

0 

Ckak 

—  C  0, 

i 

o 

Q 

0 

k  k 

o 

where 


(u ,  v) 


c  =  fi1  -  ifi2 

v  y  y 


=  o 


(4.16) 


Written  explicitely  this  gives: 


c  u  -  v  c,  0,  =  0 

o  k  k 


uc,  Cf  -  c  v  =  0 
k  k  o 


There  are  two  cases  to  be  considered:  c  ^  0  and  c  =  0. 

o  o 

When  c^  ^  0,  the  general  solution  is 


(u,v)  =  (u,  -  uc,  a,  )  ,  u  arbitrary 

c  k  k 
o 


(4.17) 


When  c  =  0,  the  general  solution  is  w  =  (u,v)  where 

o 


UCk  ak  =  VCk  Qk  = 


0 


(4.18) 


' 


. 
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In  either  case  the  solutions  form  a  two 
dimeasional  space.  Next  we  come  to  equation  (4.14). 
reads : 


(u  ,  v) 


(l  +  ft°  ) o° 
o 


-n°.  a. 

k  k 


“Vk 


a-ft°  )o° 

o 


=  0 


or 


u(l+ft°  )  -  v  ft°  a,  =  0 
o  k  k 


v  ft0,  a,  +  v(l-ft°  )  =  0 

k  k  o 


It 


For  the  sake  of  simplicity  we  assume  that  ft  lies  in  the 
or thochronous  group:ft°o  >  1  >  0.  The  general  solution  is 
then  : 


(u,v)  =  ( -  v  ft°  a  ,  v)  ,  v  arbitrary 

i+n°  k  k 

o 

Now  w  must  be  a  common  solution  to  (4.13)  and((4.14). 

the  case  c^  ^  0,  eqs .  (4.17)  and  (4.19)  give: 


(4.19) 


Fo  r 


,  u 

(u ,  -  c 

c  ~ 
o 


a)  =  (- 


l+ft 


where  we  have  set  ( ft^ , ft w  , ft°  )  =  ftw  and  {c^,c2fc^) 

This  give  s : 


v  ft 


a ,  v) 


u  . 

v  =  -  ( c 

c 

o 


a) 


u  = 


(l  +  ft  )  c 
o  o 


u  ( c  •  a )  ( ft 


a) 


The  second  equation  may  be  rewritten  as: 


u(c  x  ft° )  •  O  =  -i  c  u 
~  o 


■ 


■ 


' 


\  ■ 


U i  *■  b  ;>'t  v'  :A*  ”'-*!*  •*wH* 
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Upon  setting  (c  x  fi°)^  =  a_^,  this  equation  for  u  reads 

(u  +  ic  )u  +  ( a  +  i a  ) u  =  0 

3  o  1  1  2  2 

(a  -  ia  )  u  +  (ic  -  a_)u„  =  0 
1  2  1  o  3  2 

If  a  +  ia  and  a„  +  ic  don't  both  vanish,  the  solution  is 
12  3  o 

u  =  (a  +  ia  ,  -(a  +  ic  ) ) .  If  they  both  vanish,  the 

l  2  3  o 

solution  is  u  =  (ic  -  a  ,  ia„  -  a, ) . 

o321 

In  the  case  where  c  =0,  eqs.  (4.18)  and  (4.19) 

o 

tell  us  that  the  solution  (u,v)  common  to  both  systems  must 
satisfy 

(u,v)  =  (  — -  v  fi°*a,  v)  v  c*a  =  0 

l  +  ft°  ~  ~  ~  ~ 

o 

The  second  equation,  when  written  explicitely,  reads: 


c  v  +  (c  +  icjv  =  0 


( C 


1 


0 


If  c^  and  c^  -  ic^  don't  both  vanish,  the  solution  is 
v  =  (c^/  c-^  “  ic^)  *  1  f  they  both  vanish,  the  solution  is 

v  =  (1,0)  . 

We  now  summarize  the  results.  We  have  defined: 

ry  =  £>yvrv  =  v“  (fi)ryv(fi),  n°o  >  o 

c  =  ( c  ^  /  c  2  /  c  3 )  =  (^°1^°2/^03) 

a  =  c  x 


.  ■ 


. 


' 

. 


. 
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and  found  that 


V  (ft)  = 


-w  r 


-w  r 


w 


w  r 1  r 


where  w  is  to  be  chosen  according  to  the  following  table. 
Table  3  Vectors  for  constructing  spinor  transformations 


As  an  illustration  we  obtain  V  (fi)  when  £2  is  a 


boost  along  the  x  axis.  If  the  frame  K'  moves  with  speed 
_  v 

P  =  —  with  respect  to  the  frame  K,  the  primed  coordinates 
are  related  to  the  unprimed  by  x1  =  fix  where: 


fi  = 


Y  Y  3 
■YS  Y 


0 


0 


In  this  case  we  have:  c^  =  -y$»  c  =  (y,-i,0) ,  fi°  =  (-y$/0,0) 
By  using  table  3  we  obtain  w  =  ( 0 , 2 iy 3 r ~ 2 i  (y  + 1 )  , 0 )  from 
whi  ch 


V(fi)  =  -2 i 


Y+l  0  0  -yg 

0  y+l  -y3  0 

0  -y3  y+l  0 

-Y3  0  0  y  +  l 


Since  V(fi)  is  determined  up  to  a  multiplicative  factor  we 
may  drop  the  -2i.  The  resulting  matrix  is  then: 

v(fi)  =  (y+l) i  -  y 3  r°r1 

It  is  customary  to  write  y  =  chp  Y3  =  shp .  If  we  divide 
our  V  ( fi )  by  2chp/2  we  obtain  the  matrix  chp/2I  -  sh  p/2  r°r  . 
This  expression  agrees  with  the  one  obtained  by  the  method 
of  infinitesimal  transformations  as  will  be  seen  later. 


. 


■  • 

■ 
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CHAPTER  V 


THE  GROUP  OF  SPINOR  TRANSFORMATIONS 

(1)  Construction  of  the  group 

In  this  section  we  look  at  the  set  of  all  spinor 
transformations  corresponding  to  all  or tho chr onous  Lorentz 
transformations.  We  study  this  set  as  a  group.  We  give  up 
the  purely  algebraic  method  devised  in  chapter  IV  and 
switch  to  the  standard  method  using  infinitesimal  trans¬ 
formations,  or  the  Lie  algebras.  The  or tho chr onous  Lorentz 

f 

group  will  be  denoted  by  L  .  It  consists  of  all  Lorentz 
transformations  with  ^°0  >  0.  The  proper  subgroup  of 
or tho chronous  transformations  with  determinant  1  will  be 
denoted  by  L+ .  We  work  throughout  with  a  fixed  system  {y  / 
which  will  be  assumed  to  be  unitary.  We  are  interested  in 
the  solution  A(fi)  to  the  equation 

=  A_1yyA  ,  fi£L+  (5.1) 

We  already  know  that  the  solution  A  is  determined  up  to  a 
multiplicative  factor.  We  want  to  remove  as  much  as  possible 
this  arbitrariness.  The  first  restriction  that  can  be 
imposed  is  the  following. 

Proposition  (5.1) :  The  solution  of  eq.  (5.1)  may  be  chosen 

so  as  to  satisfy  A+  =  y°A  ^y0  . 


44 
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Proof:  Let  us  write  Y^J  =  y^  and  let  A  be  a  solution  of 

eq.  (5.1).  Then  we  have: 

+  + 

aU  ny  v  y  ovo  o^yo  o.-ly.o 

Y  =  n  VY  =  VY  Y  Y  =  Y  Y  Y  =  Y  A  yHAy 


from  which  =  Y”ATYM  A“x  Y“  =  <  Y^y"  )  Y  M  (  y"AtY“  > 


+  + 

oA+. ,y  a-i  o 


°.+  o.u  ,  o.+  o, -1 


A_1YyA 


and  [  Ay0A+y° ,  y^]  =  0-  Therefore  Ay0A+Y°  =  cl  or 


a+  o,-l  o 

A  =  cy  A  y  .  This  implies 


«+.  o.-l  o,  OaO  o,~o  o  „o  k, 

A  A  =  cy  A  y  A  =  cy  y  =  cy  (ft  y  +  ft  v  ) 

o  k 


~,o  „  ~o  ok 
=  eft  i  +  cO  ,y  y 
o  k 


Taking  the  trace  on  both  sides  and  using  proposition 

(2.3)  yields  T  A+A  =  4cfi°  .  Since  A+A  is  hermitian 

r  o 

it  follows  that  c  is  real.  Since  A+A  is  positive, 
it  follows  that  c  is  positive  (ft°o  >  0) *  Now  if  we 
take  A  =  -  A,  we  obtain: 

/7 


A 


i  _  i  _i 

1  .  +  1  o  .  - 1  o  , —  o  ( A  )  o  o  ,  .  '  o 

—  A  =  —  cy  A  y  =  /c  y  - - - y  =  y  (A  )  y 

/cT  /c~  /cT 


The  motivation  for  this  restriction  is  to  make  the 


+  o 


transformation  of  the  adjoint  ijj  =  ip  y  simple 


t’  ,  '  o  ,  +  a+  o  —r  o  a  +  o  t>-1 

ip  =  ip  y  =  ip  A  y  =  ijjy  A  y  =  ip  A 


. 


. 


■ 
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The  usefulness  of  this  will  be  appreciated  in 
chapter  VI.  Before  we  go  further  we  need  to  introduce  a 
special  matrix,  called  the  B  matrix,  associated  to  any 
system  of  y  matrices.  Let  {yy}  be  such  an  arbitrary  system. 

r  u  *  i 

The  set  {y  / ,  where  *  means  complex  conjugate,  is  also  a 

system  of  y  matrices.  By  the  fundamental  theorem  there 

U*  -1  U 

exists  a  matrix  B  such  that  y  =  B  y  B.  We  require  that 
[det  B |  =  1.  This  determines  B  up  to  a  phase  factor.  If 
{y ^ }  is  another  arbitrary  system  with  corresponding  6  and 
^  =  S  1y ,  then  §  is  related  to  B  by: 

§  =  e1(^S  ^BS  ,  (J)  real  (5.2) 


Indeed  we  have: 


~y*  - 1 *  y*  *  -i*  -i  y„  * 

y  =  s  ys=s  b  y  bs 


-l  *  -l  * 

=  (S  BS  )  yys  BS 


I  -  1  *  I  /s 

Moreover  |det  S  BS  (  =  1.  Since  B  is  determined  up  to  a 

phase,  the  conclusion  follows. 

The  properties  of  the  B  matrix  of  use  to  us  are 
contained  in  the  following  proposition. 

Proposition  (5.2) :  The  B  matrix  of  a  unitary  {yy}  system  is 


unitary  and  antisymmetric. 

y  y  * 

Since  y  is  unitary,  so  is  y  .  By  proposition  (3.3) 

y  y  * 

there  exists  a  unitary  matrix  connecting  y  and  y 


Pr oo  f : 


■ 


■ 


■ 

. 


. 


Clearly  this  can  be  taken  as  B  and  any  phase  multi- 


on  A . 
Theorem 


where  A 
One  i  s 
Proof : 


pie  will  also  be  unitary.  We  now  have  to  show  that 

it  is  antisymmetric.  For  the  set  {F^}  of  eq.  (2.7) 

one  easily  checks  that  one  can  take  B'  =  r  °  T  ^  T  . 

T 

Notice  that  B'  =  -B 1 .  By  proposition  (3.3)  there 
exists  a  unitary  U  such  that  =  U+r^U,  and  by 

eq .  (5.2)  one  has 


B 


e 


icf> 


+  * 
U  B  '  U 


*  ip 

(U  )  B’U 


★ 


From  this  the  antisymmetry  of  B1  clearly  implies 
that  of  B . 

We  are  now  prepared  to  put  all  the  restrictions 


(5.1) :  The  equations 


av  yV  =  A’Va 

V  '  ' 


(5.3a) 


.  +  o  .  -1  o 

A  =  y  A  y 


(5.3b) 


*  + 

A  =  b  Ab 


(5.3c) 


is  the  unknown  and  fieL  have  exactly  two  solutions. 

-1  times  the  other. 

By  proposition  (5.1)  we  know  that  eqs .  (5.3a) ,  (5.3b) 

have  a  common  solution  A.  We  have: 


Yv 
V  ' 


—  1  *  u  *  * 

A  Y  A  which  may  be  rewritten  as 


' 


-  Wm 


- 


■ 


. 


■ 
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ny  +  v 
ft  VB  Y  B 

a"Va  = 


—  1  *  +  y  * 

A  By  bA  ,  from  which  we  deduce 

y  v  -1  *  +  y  *  + 

=  bA  B  y  bA  B  or 

tY^/  BA  b+A_1]  =  0 


By  theorem  (2.8)  it  follows  as  usual  that 

bA  B  +  A  1  =  cl,  which  implies  ^—e— — — —  =  c4 

^ ^  de t  A 

Whence  |c|  =  1,  or  c  =  e  .  From 

*  +  ~*l  *  i  x  + 

bA  B  A  =  cl,  we  get  A  =  e  B  Ab .  So  if 

»  i  ot 

define  A  =  e  A,  we  obtain: 


we 


A '  *  -ia . *  i  (X-2a)  +  *  1 
A  =  e  A  =  e  bAb 


and  the  choice  a=A/2  yields  the  solution  to  our 
three  equations.  Clearly  if  A  is  a  solution,  so 
is  -A.  Now  suppose  that  A  is  another  solution  to 
(5.3a,b,c).  We  know  that  A  =  aA  for  some  complex 
number  a.  Equation  (5.3c)  shows  that  a  is  real. 

Eq.  (5.3b)  then  shows  that  its  square  is  1.  Whence 
A  =  +A .  This  completes  the  proof. 

For  some  purposes,  especially  when  dealing  with  the 
Lie  algebras,  it  is  convenient  to  reexpress  the  three  equa¬ 
tions  of  theorem  (5.2)  in  only  two.  This  is  achieved  by  the 
following  result: 

Propos i tion  (5.3)  :  Equations  (5.3a,b,c)  are  equivalent  to 


the  two  equations : 


4 


. 


■ 
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Proof : 


fiH  Yv  _  A'Va 

V  '  1 


AT(B+y°)A  =  B+y° 


(5.4a) 


(5 . 4b) 


We  first  show  that  (5.3)  implies  (5.4)  .  Of  course 
(5.3)  implies  (5.4a).  Next  we  have,  using  (5.3b,c), 


» T  o*.-l*  o*  o*  +  .-1  O*  +  O  +a“1  +  O 

A  =  y  A  y  =ybAby  =  b  y  bb  A  bb  y  b 


+  o  .  - 1  o 

=  B  y  A  Y  B 


from  which  (5.4b)  follows. 

Now  we  have  to  show  that  (5.4)  implies  (5.3) , 
that  is,  if  X  is  a  solution  of  (5.4a,b)  then  it 
satisfies  (5.3b,c).  Let  A  be  a  solution  of  (5.3). 
From  what  we've  just  seen,  A  is  also  a  solution  of 
(5.4) .  Therefore  we  may  write: 

o  T  "1“  o  “I 

Y  bA  b  Y  =  A  ,  from  which 

v  - 1  y  .  o  .  T  +  o  y  . 

ft  ^Y  =  A  y  A  =  y  bA  b  Y  Y  A 

Similarly  we  have  for  X: 

fi^YV  =  A  1YyA  =  y0B~Ar  b+y°y^A 

From  the  fundamental  theorem  we  know  that  A  =  cA 
and  the  last  two  equations  for  Q^^y^  give: 

o  .T  +  o  yA  2  o  .  T  +  o  ]J . 

Y  bA  B  y  Y  A  =  c  Y  bA  b  y  Y  A 


■ 

' 


. 
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or  c  =  1.  Whence  A  =  +_A  and  A  is  a  solution  of 
(5.3). 

Equations  (5.4a)  and  (5.4b)  show  that  A  can  be  interpreted  as 
the  transition  matrix  of  a  change  of  basis  under  which  the 
matrices  of  the  operators  yP  become  S7P^yV  and  the  matrix  of 
the  bilinear  form  defined  by  B+y°  remains  invariant.  When 
we  have  gained  some  more  information  about  our  A  matrices 
we  will  give  a  third  completely  different  way  of  formulating 
( 5 . 3a , b , c ) . 

We  now  introduce  some  handy  notation.  The  set  of 

all  A's  solutions  of  (5.3a,b,c)  when  £7  goes  over  L  will  be 

•f-  'f'  'f- 

denoted  by  S  .  Given  Aes  ,  there  is  only  one  $7  in  L  such  that 

A  is  a  solution  of  (5.3a) :  this  follows  from  the  linear  in¬ 
dependence  of  the  yP,s.  The  one  £7  corresponding  to  A  will 
be  denoted  by  £7^  and  the  map  A  ->•  will  be  denoted  by  II. 

Our  first  statement  about  the  A's  is  the  following. 

Theorem  (5.2) :  S  is  a  six-dimensional  Lie  group  locally 

t  it 

isomorphic  to  L  .  II:  S  -*■  L  :  $7  -»-  £7^  is  a  homomorphism  and 
a  local  isomorphism. 

i  T 

Proof:  We  first  prove  that  S  is  a  group.  Let  A, A  be 

solutions  of  (5.4a)  and  (5.4b)  with  corresponding 
£7 ,  £7  .  Then  we  have: 

£7y  yv  =  A_1ypA  =  A"1A"1yyAA  =  (AA)_1yyAA. 

p  v  P 

Hence  AA  is  a  solution  of  (5.4a)  corresponding  to  $7£7 . 


' 


. 


■ 

V  ,i 


' 
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Moreover  AA  clearly  satisfies  (5.4b).  Thus  S  is 

closed  under  multiplication.  To  show  that  A  ^  belongs 
i 

to  S  if  A  does  we  first  observe  that 

Whence,  if  A  satisfies  (5.4a) , 


(fi  1)y 


V 


ypn  a 

g  il  q 
y  p  ycrv 


we  have : 


,n-l, y  v  yp~  a  v 

(fi  )  Y  =  g  m  g  Y 

v1  y  p  ycrv' 


yp„  a  .  0.-1 

=  g  g  _Ay  A 

y  p  yav  0  1 

yp  .  0.-1  .  y.-i 

=  g  gp0AY  A  =  AyHA 


Whence  A  ^  is  a  solution  of  (5.4a)  corresponding  to 

—  1  “f*  -  1  T  +  O  - 1  +  o 

0,  ES  .  To  show  that  (A  )  B  Y  A  =  B  y  one  simply 

—  i  ip 

multiplies  eg.  (5.4b)  on  the  left  by  (A  )  and  on 


the  right  by  A 


-1 


These  considerations  show  at  the 


same  time  that  II  is  an  algebraic  homomorphism.  We 

i 

now  know  that  S  is  an  algebraic  subgroup  of  the  Lie 
group  GL(4,C)  of  4><4  invertible  complex  matrices. 


To  show  that  it  is  also  a  Lie  subgroup  we  simply 
invoke  the  well-known  Cartan  theorem  which  says  that 


an 


algebraic  subgroup  of  a  Lie  group  which  is  also 


topologically  closed  subset  is  a  Lie  subgroup.  It 

i 

is  easy  to  show  that  S  is  closed  in  GL(4,C) .  Let 

i 

(A  )  be  a  sequence  of  elements  of  S  converging  to 
n 


L£GL (4 , C) 


We  want  to  show  that  L  is  in  S 


It  is 


clear  by  continuity  that  L  satisfies  (5.4b). 


' 

I  '  . 
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Therefore  all  we  have  to  do  is  to  show  that  there 

exists  Q  in  L  such  that  (5.4a)  holds  with  A  =  L. 

We  have  (£2.  ) ^  4  T  (A  1  y^A  y  )  .  Since  is 

A  V  4  r  n  n  V 

n 

closed  in  GL  (4 ,  R)  ,  the  group  of  4><4  real  invertible 

matrices,  £2^  =  lim  (£2.  defines  an  or  thochronous 

V  A  V 

n-^00  n 

Lorentz  transformation  and  by  continuity  one  clearly 

li  V  —  1  u  it 

has  £2  ^y  =  L  y  L.  Whence  L  belongs  to  S  and  S 

is  a  Lie  group.  We  now  want  to  show  that  II :  A  -*  £2^ 

is  a  local  isomorphism.  We  already  know  that  it  is 

a  homomorphism.  The  fact  that  it  is  smooth  follows 

clearly  from  £2.^  =  -7-  T  (A  ^y^Ay  )  .  So  all  that 

2  A  V  4  r  '  '  V 

remains  to  be  shown  is  that  it  is  locally  injective. 

Let  £2  £  L  and  A  e  S  such  that  £2^  =  £2.  There  is 

only  one  other  solution  L  to  £2  =  £2  and  it  is  L  =  -A. 

L 

So  all  we  have  to  do  is  to  take  a  small  neighborhood 
of  A  such  that  -U^  =  {-A;  Aeu^}  and  don't 
intersect:  II  restricted  to  U  .  is  clearly  one  to  one. 

(2)  Explicit  form  of  the  group  elements 

We  now  proceed  to  obtain  explicit  expressions  for 

the  A's  via  infinitesimal  transformations.  Before  we  obtain 

the  transformation  laws  of  the  spinors  under  the  full  ortho- 

chronous  group  L  ,  we  first  investigate  the  subgroup  of 

f 

proper  Lorentz  transformations  L+ .  The  corresponding  A's 

t 

obviously  form  a  Lie-subgroup  of  S  which  we  will  denote  by 


' 


' 


. 


5  3 


+  t  t 

S  .  It  is  clear  that  S  is  both  open  and  closed  in  S  . 

+  + 

Hence  S  is  disconnected.  We  will  show  later  that  it  has 
two  components  just  as  L  .  We  use  the  following  standard 
basis  of  the  Lie  algebra  of  L  : 


(I  ft)y  E  6y  g  -  6 y  g 

aB  v  a^vB  B  va 


(5.5) 


One  has  I  0  =  -I_  and  a  basis  is  obtained  by  taking 
CL  p  p  CL 


I0l'I02'I03,I12'I13'I23 


The  first  three  generate  boosts; 
the  last  three  generate  rotations.  The  commutators  are 


given  by 


[I  /I  ^  ]  =  -  (g  I  .  +  g.  I  +  g  .  I  +  g  I,  )  (5.6) 

yv  kA  ^yK  vA  ^Ay  kv  ^vA  y k  ^kv  Ay 


To  obtain  the  Lie  algebra  of  S+  we  simply  use  our  local 

+ 

isomorphism  A  If  fi(T)  is  a  curve  in  L+  passing 

through  I  at  T  =  0,  there  is  a  unique  curve  A(x)  in  S+ 
passing  through  I  at  T  =  0  such  that: 


ftyv(T)YV  =  A  1(T)yyA(T) 


AT (t ) B+y° A ( x )  =  b+y° 


Taking  the  derivative  of  these  equations  at  T  =  0  gives: 


[A,YU]  =  -^VYV 


:  T  +  o  +  o; 

A  B  Y  +  B  Y  A 


0 


'  I 


. 
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where  we  have  set  A  =  A(o)  ,  £2  ^  ^  (o)  .  Now  if  the  curve 

£2(T)is  chosen  so  that  and  we  denote  the  corresponding 

•  •  • 

A  by  ,  the  equations  for  A  read: 


‘V^1  ■  -(5VvB  *  'VvX  "  SVa  "  6V6 


:  T  +  o  +  o  t 

A  a3B  Y  +  B  Y  Aa3  =  ° 


(5.7) 

(5.8) 


From  table  2  we  know  that 
Using  this  and  eq.  (5.7)  we  get  [A 


tY  [aS]  “  2(6Va  -  ^aV- 


aB  -  2  Y  rag] 'yUl  ’  °' 


from  which  A 


y ie Ids  : 


a$ 


—  +  cl.  Inserting  this  in  (5.8) 


_  _  +  o  1  T  +  o  +o 

0  =  2cB  y  +  -  (Y[ag]  B  Y  +  B  Y  Y[af3]>. 


But 


T  +  O  TT  +  O  3*0t*  +  O  +30to 

Y[a3]  BY  =Y3YaBY  =Y  Y  BY  =  B  Y  Y  Y  and 


T  +  o  +  o  +,  3  a  o  o 

Y[aB]  B.  Y  +  B  Y  Y(aBl  =  B  (Y  Y  Y  +  Y  Y[aB])  =  0 


Therefore  c  =  0.  Whence  we  may  write: 


A 


a3 


1 

2  Y  [a3 ] 


a3 

n<exp  V  Y[a6]’ 


exp  (c 


a3 


(5.9) 

(5.10) 


Our  first  use  of  formula  (5.10)  is  to  get  explicit  forms. 
We  first  consider  the  transformation  of  spinors  under 
rotations.  When  one  rotates  a  frame  through  an  angle  cf> 
around  a  unit  vector  n,  the  coordinates  x'  in  the  new 
frame  are  related  to  the  old  coordinates  x  by 


■ 


. 
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x'  =  [exp  -  <f>  (n  *  A)  ]  x 


where 


"o 

0 

0 

0  * 

"o 

0 

0 

o' 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

-1 

'  A2 

11 

i — i 

ro 

H 

111 

0 

0 

0 

0 

0 

0 

1 

0 

0 

-1 

0 

0 

L 

- 

"0 

0 

0 

o' 

0 

0- 

1 

0 

A 

—  T  — 

3 

12 

0 

1 

0 

0 

0 

0 

0 

0 

(5.11) 


It  is  convenient  at  this  stage  to  introduce  the  matrices 

£ . ,  defined  by 
1 


(5.12) 


where,  as  we  recall,  0  =  iy  .  One  easily  checks  that 

yv  ' [yv]  * 

they  satisfy  the  same  relations  as  the  Pauli  matrices: 


£ . £  .  =  ie  .  £  +  6  .  .  I 

l  j  ijk  k  lj 


from  which  one  deduces: 


(5.13) 


( a • £ )  (b  •  £ )  =  ( a*  b ) I  +  i(a*b)*£  (5.14) 

a  S 

We  now  apply  eq.  (5.10)  with  c  1^  =  -(})  n*A  .  The 
corresponding  A  on  the  left-hand  side  is  exp(i-j  n*£)  . 

This  is  easily  evaluated.  Using  (5.14)  we  see  that  (n*£)P=I 
and  (n*£)^  =  n*£  for  p  even  and  odd  respectively.  Whence: 


' 
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oo 

—  n  •  Z  -  I 

(i  2  ?‘5)P 

2  2  -  P=o 

p! 

oo 

y 

(i)2k(f)2ki 

4_ 

OO 

y 

(i)2k+i(i)2k+i 

k  =  0 

(2k)  ! 

k=  0 

(2k+l) ! 

=  cos 

d> 

—  I  +  i  sin 

4> 

2 

n  •  E 

Whence  if  we  denote  by  A^((j))  the  transformation  correspon¬ 
ding  to  a  rotation  of  angle  (p  around  the  unit  vector  n 
we  obtain: 

A  C  4) )  =  cos  I  +  i  sin  n*£  (5.15) 

n  2  2  ~  ~ 

One  peculiar  feature  of  this  equation  is  that  A  (  2tt  )  =  -I. 

This  is  characteristic  of  spin  ~  wave  functions.  The  spin 
operator  along  direction  n  is  the  infinitesimal  generator  of 
the  unitary  group  of  transformations  of  the  internal  variables 
under  rotations  around  n.  We  have  seen  above  that  this  group 
of  transformations  is  given  by  exp  ( i  (j)  -j  n*E)  .  Whence  the 
spin  operator  along  direction  n  is  y  n*E.  Using  the  eq. 

(5.13)  we  find  indeed  that  the  spin  vector  operator 

S  =  j  Z  (5.16) 

satisfies  the  characteristic  commutation  relations  of  an 
angular  momentum: 

[S  .  ,S  .  ]  =  ie  .  ..  S,  (5.17) 

l  j  i;jk  k 


' 


We  have  S 


i  i  1  2 

3=2  ^iY2  =  2  Y  Y 

i  12.  ..n  i  -p  It-.  2 

—  Y  Y  is  similar  to  —  1  1 

**3 


.  By  the  fundamental  theorem 
( c  f .  eq .  (2.7)).  But 


1  2 

±r  r 


0 


Whence  the  eigenvalues  of  S  are  +_  — : 

J  ^ 


S  is  a  spin  —  operator.  Of  course  this  corresponds  to  the 
experimental  spin  of  the  electron.  As  far  as  physics  is 
concerned  the  bizarre  result  A  (2tt)=-I  is  of  no  consequence. 
All  physical  quantities  arise  through  quadratic  expressions 
which  are  insensitive  to  the  interchange  of  ^  and  From 

a  mathematical  point  of  view  the  result  shows  that  we 
cannot  remove  the  sign  arbitrariness  of  the  elements  of  S 
without  giving  up  their  property  of  forming  a  Lie  group: 

-I  is  obtained  by  exponentiating  an  element  of  the  Lie 
algebra. 


Having  discussed  rotations  and  spin  we  now  turn 
to  the  transformation  of  spinors  under  boosts.  Suppose 
that  the  frame  K1 ,  coinciding  with  the  frame  K  at  t  =  0, 
moves  at  speed  3n  with  respect  to  it.  (Here  n  is  a  unit 
vector  and  3  =  v/c  =  v  with  our  choice  of  units.)  Let 
p  =  th  1  (3 )  .  Then  the  primed  coordinates  are  related  to 
the  unprimed  by  x'  =  3!^(p)x  where  fi^(p)  =  exp  pn‘1^  .  Here 

we  have  set: 


I 

~o 


I 


02  ' 

T 

n 


I 


03 


) 


(cf.  (5.5)) 


(5.18) 


so  that 


n  •  I 

~  ~  o 


n  0 


(5.19) 


' 


. 
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12  3 

Let  Y  =  (Y  ,y  ,Y  ) .  One  easily  checks  the  following  product 

•V 

rule  : 


(a*Y)  (b*Y)  =  -[a*b  I  +  i  axb  •£] 


(5.20) 


We  now  apply  eq.  (5.10)  with  c  I  D  =  pn*I  .  The  correspon- 

cx  p  ~  ~  o 

ding  A  on  the  left-hand  side  of  (5.10)  is  exp (r  p  n1  Y r 

2  [oi] 

Using  eq.  (5.20)  we  obtain: 


,  i  2  ,  2 

(n  Y  [oi] }  =  "  (n*Y}  =  I  • 


Whence  we  have : 

00  (—  p)P 

exp  (—  p  n1  Yr  ,•  t  E  — — j (nV  ..)P 

2  [oi]  _  p  !  [ox] 

p  =  0 


,Ps 2k+ 1 

CO  (  ±—\ 


00  (y)2k  «  (y) 

=  E  — -  I  +  E  ^ 


k  =  0  (2k)  ! 


k  =  0 


(2k  +  l)  !  (n  Y[oi]) 


=  ch|  I  +  Shf  n1  r[oiJ 


Or,  using  the  standard  notation  of  eq.  (1.3b)  : 


A  (p)  =  ch-£  I  -  sh-£  n  •  a  (5.21) 

n  z  z  ~  ~ 

One  may  check  that  this  agrees  with  the  expression  obtained 
in  chapter  IV,  section  (2)  with  n  =  (1,0,0). 

An  arbitrary  proper  Lorentz  transformation  ^ 
decomposes  uniquely  into  the  product  of  a  boost  and  a 


rotation : 


■  i  ■  _  ■'  )  '  '  m 


\ 


r. 


■ 

■ 
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ft  =  exp-(c{>n*A)  exp(pu*I  )  ,  u:  unit  vector. 

~  ~  ~  ~  o  ~ 


Therefore  the  transformation  of  spinors  under  the  proper 
Lorentz  group  L+  is  completely  described  by  the  formula: 

II  [  (cos-j  I  +  i  sin-j  n  •  E )  (ch-j  I  -  shy  n*a)  ] 


=  exp  -  (J>  n*A  exp  p  u*I 


(5.22) 


To  give  the  transformation  law  of  the  spinors 

under  an  arbitrary  element  of  the  full  or tho chronous 

t 

group  L  it  is  now  sufficient  to  say  how  they  transform 


under  the  space  reflection  ft_  =  |  |  ,  because  any  $7  in  L 

which  is  not  in  L  can  be  written  as  ,  where  ft 

+  s  +  + 


■u- 


is  in  L  .  So  let  us  find  the  A  corresponding  to  ft  . 

s  s 

o  * 'lo  k.  - 1  k 

Equation  (5.4a)  gives  Y  =  A  Y  A  ,  -Y  =A  y  A  , 

s  s  s  s 

from  which  it  immediately  follows  that  A^  =  cy°.  To 

jo.  •  , ,  2  o  *  +  o  o  +  o 

determine  c  we  use  eq.  (5.4b)  which  says:  c  y  Byy  =  B  y 

2  +  o  +  o 

or  c  B  y  =  B  y  .  Whence  c  =  +  1.  Therefore: 


A  =  +  y 
s  — 


(5.23) 


The  group  S  that  we  have  been  considering  arose 
through  the  transformations  of  the  spinors  under  ortho- 
chronous  Lorentz  transformations.  The  reason  we  didn't 


consider  the  full  Lorentz  group  is  that  eq.  (5.4b)  cannot  be 

-1  cf 


satisfied  for  time  reversal  ftfc  = 


0 


For  this  ft^, 


. 

•  -X. 
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eq.  (5.4a)  says  that  the  corresponding  A  must  anticommute 
o 

with  y  and  commute  with  Y-  The  solution  to  this  is 
o  5 

cy  Y  and  one  easily  checks  that  this  cannot  satisfy  (5.4b)  . 

(3)  Charge  conjugation  and  time  reversal 

Besides  those  induced  by  o r tho chr onous  Lorentz 

transformations,  there  are  two  other  important  types  of 

spinor  transformations:  charge  conjugation  and  time  reversal. 

r  y  i 

Suppose  that  a  given  representation  iy  s  has  been 

chosen.  Let  B  be  the  matrix  of  proposition  (5.2)  : 

y  *  —  i  y  c 

Y  =  B  Y  B.  Then  the  charge-conjugate  spinor  ip  of  the 

spinor  is  defined  by 

c  5  * 

ip  =  y  BlP 

where  ip  is  the  complex  conjugate  of  ip  •  Let  us  denote  by 

K  the  antiunitary  operator  of  complex  conjugation  in  that 

c  S  _ 

particular  representation.  Then  ^  =  Y  BKifJ  =  K^ifJ.  The 

operator  BK  commutes  with  Y^ •  Indeed  we  have: 

u  y  *  y  *  *  y 

Y  bkiJj  =  y  btJ;  =  BY  ^  =  bky  ^ 

Suppose  -ip  satisfies  the  Dirac  equation 

[yy(i3  -  eA  )  -  m]\|>  =  0 

y  y  Y 

5 

Multiplying  this  on  the  left  by  y  BK  and  remembering  that 

.  .  .  .  ,  y 

BK  is  an  antilmear  operator  commuting  with  y  we  get 


/ 
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[yy(i9^  +  eA^)  -  m]ijjc  =  0 
The  only  difference  between  the  equations 

Q 

satisfied  by  \p  and  ^  is  the  sign  of  the  charge  multiplying 
the  vector  potential.  Whence  can  be  considered  as  the 

wave  function  of  a  particle  of  the  s ame  mass  m  but  oppos i te 
charge  -e  in  the  same  electromagnetic  field  A^  .  This  inter¬ 
pretation  is  consistent  with  the  easily  verified  equation 


The  other  type  of  transformation  is  time  reversal. 
This  operation  will  be  first  defined  for  the  electromagnetic 
field.  Consider  a  classical  electromagnetic  field  E,  B. 

It  satisfies  Maxwell's  equations: 


V  •  E  =  4Trp 


V-  B  =  0 


VXB 


+ 


at 


VXE 


1 


c 


9b 
9 1 


Let  us  define  new  vector  fields  E  (t,x)  =  E(-t,x)  and 
B  ( t , x )  =  B(-t,x).  If  E  and  B  are  really  time  dependent  then 
E  and  B  will  not  satisfy  Maxwell's  equations  because 

_  ~  aiT  i  9b" 

Vxe  =  —  4 - tt—  .  However  if  we  define  instead 

~~  cot  c  9 1 

E(t,x)  =  E  ( - 1 , x )  and  B(t,x)  =  -B(-tfx),  then  E  and  B 
satisfy  Maxwell's  equations  with  p  and  J  replaced  by 
p(t,x)  =  p(-t,x)  and  3  ( t , x )  = 


-J (-t,x)  respectively. 
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In  practice  the  new  densities  p  and  J  could  be  obtained  by 
reversing  the  motion  of  the  charges  acting  as  sources.  It 
is  physically  clear  that  the  fields  resulting  from  this 
operation  are  6  and  ft.  On  the  other  hand,  we  cannot  think 
of  any  physical  operation  resulting  in  the  fields  E,  B  and 
this  is  consistent  with  Maxwell's  equations  which  say  that 
these  fields  do  not  exist. 

One  is  thus  led  to  define  the  operation  of  time 
reversal  on  an  electromagnetic  field  as  the  replacements: 

E(t,x)  -*■  ft(t,x)  =  E(-t,x) 

B  ( t ,  x  )  ft(t,x)  =  -B(-t,x) 


As  an  operation  on  the  vector  potential  this  amounts  to: 


A  (t,x)  -*■  ft  (t,x)  =  (A  (-t,x),  - A(  —  t,x)  ) 

y  y  o 


Let 


(t,x)  =  Y5Y°^C(-t,x)  =  Y°BKTp(-t,x)  •  By 


definition  ip  (t,x)  is  the  spinor  obtained  from  ip  by  time 

I 

reversal.  It  is  easy  to  see  that  ip  satisfies  the  equation 


[yy(i3  -  eft  )  -  m]  ip  =  0 

1  y  y 


It  thus  describes  the  same  particle  as  but  evolving  in 
the  electromagnetic  field  ft^  obtained  from  A^  by  time 
reversal . 


In  the  next  section  we  come  back  to  the  group  S 


and  take  some  time  to  obtain  a  global  concrete  picture  of  it. 


■ 


, 


6  3 


T 

(4)  A  concrete  picture  of  the  group  S 

The  first  proposition  describes  the  connected 

+ 

pieces  of  S  . 

.  .  i  i 

Proposition  (5.4)  :  The  group  S+  is  connected.  S  has  two 

^  o  i  O  'f' 

components:  S+  and  y  S+  =  {y  A;  Aes+}. 

Proof:  From  eq.  (5.15)  we  know  that  there  is  a  continuous 

•f’  t 

curve  in  S+  joining  I  to  -I.  Now  let  £  L+ .  There 

are  two  solutions,  A  and  -A,  to  11(A)  =  fi.  From 

eq.  (5.22)  we  know  that  at  least  one  of  them,  say 

A,  can  be  reached  by  a  continuous  curve  lying  in 

S+  and  starting  at  I.  But  since  there  is  a  curve 

•f- 

connecting  I  to  -I  in  S+,  it  is  clear  that  there  is 

f 

a  curve  lying  in  S+  connecting  A  to  -A  (one  simply 
takes  the  one  connecting  I  to  -I  and  multiplies  it 

by  A) .  Whence  any  element  in  S+  can  be  connected  to 

.  .  f  i 

I  by  a  continuous  curve  lying  in  S+  and  S+  is 

connected.  We  noticed  after  theorem  (5.2)  that  S 

is  disconnected.  We  have  S^=  (S^)  U  (y°S+)  and  both 

+  +  + 

and  y°s|  are  connected.  Since  they  don't  intersect  it 

t 

is  clear  that  they  are  the  two  components  of  S  . 

+ 

Proposition  (5.5) :  Any  A  in  S  has  determinant  1. 


Proof:  Eq.  (5.4b)  shows  that  detA  =  j^l .  Since  by 

proposition  (5.4)  S  is  connected  and  detl  =  1  it 

i 

follows  that  any  A  in  S+  has  determinant  1.  If  A 

^  ^  o  ^ 

is  in  S  , and  not  in  S  ,  then  A  =  y  A  where  A  £  S  , 

+  T  T 


' 

. 


9 
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whence  detA  =  dety°  detA+  =  lxi  =  l,  by  the 
corollary  of  theorem  (2.9). 

After  proposition  (5.3)  we  said  that  we  would  give  a  third 
formulation  of  eqs.  (5.3a,b,c) .  It  is  contained  in  the 
following  proposition. 

.  .  i 

Proposition  (5.6) :  The  equations  (5. 3a,b,c)  defining  S  are 

equivalent  to 

v  . -l  y .  _  f 

ft  Y  =  A  ypA  ,  ft  e  L 

detA  =  1 

* 

TrA  =  TrA 

Proof:  If  A  is  a  solution  of  (5.3a,b,c)  it  follows  that  it 

satisfies  the  first  two  conditions  by  proposition 
(5.5) .  The  third  condition  that  TrA  be  real  follows 
from  (5.3c) :  TrA  =  TrB+AB  =  Tr ABB+  =  TrA.  Now  let 
us  see  that  the  three  conditions  imply  eqs.  (5.3a, 
b,c) .  The  first  condition  determines  A  up  to  an 
arbitrary  complex  multiplicative  factor:  if  A  is 
one  of  the  two  solutions  to  (5.3a,b,c)  then  A  =  c A. 
Now  the  second  condition  above  says  that  c  is  either 
+  1  or  +  i ,  and  the  third  condition  eliminates  the  j^i 
possibility.  Whence  A  =  +A.  This  completes  the 
proof  of  the  equivalence. 


•  ■ 

■ 
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We  now  come  to  the  main  result  of  this  section 
which  provides  an  identification  of  S+  with  a  surprisingly 


simple  group . 


t 


Propos i tion  (5.7)  :  The  group  S+  is  isomorphic  to  the  group 


SL(2,C)  of  complex  2><2  matrices  with  determinant  1. 

Before  we  prove  this,  it  is  necessary  to  make  a 

i 

few  comments  about  SL(2,C)  and  its  relation  to  L+.  SL(2,C) 

shares  with  S+  the  property  that  there  exists  a  homomorphism 

.  i 

P  from  it  onto  L  such  that  P  (M)  =  P(N)  if  and  only  if 

*4” 

M  =  +  N .  This  P  is  constructed  as  follows.  One  establishes 

a  one  to  one  linear  correspondence  between  the  4-dimensional 

Minkowski  space  M  and  the  real  vector  space  H  of  2^2  complex 

hermitian  matrices  by  x^  -►  x^G  ,  where  the  G  's  are  the 

V  P 

—  y 

Pauli  matrices  of  eq.  (2.8)  .  Upon  setting  x  =  x  G  ,  one 

2  y 

easily  checks  that  detx  =  x  -  x*x.  An  element  a  of  SL  (2  ,  c) 


induces  a  linear  map  a:  H-*-H:h  -*  aha  .  Now  if  a  ( x)  =  x*  - 

y 

x'  G  One  has 

y 

o  „  2 

2  —  -f-  —  o 

(x'  )  -  x'*x'  =  det(x')  =  det(axa  )  =  detx  =  x  -  x*x, 


so  that  a  determines  a  Lorentz  transformation  .  One  then 

a 

t 

shows  that  P:  a  is  a  homomorphism  of  SL(2,C)  into  L+ , 

that  it  is  surjective  and  that  P(a)  =  P(b)  if  and  only  if 
a  =  +b .  The  details  of  this  can  be  found  in  (Ruhl  [1970] ) . 

Suppose  that  we  focus  our  attention  on  a  small  enough 
neighborhood  V  of  I  in  S+.  To  each  A  in  V  there  will 


. 


V 


*.  I 
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correspond  a  unique  in  SL(2,C)  close  to  the  identity  such 

I 

that  11(A)  =  P  (a^)  .  If  we  take  A  close  to  A  there  will  be  a 

f 

unique  a^f  close  to  a^  with  II  (A  )  =  P(a^t).  By  moving  by 

little  steps  in  S+  we  can  extend  the  map  A  a ^  to  the  whole 

of  S+  and  this  map  will  be  an  isomorphism.  All  we  have  to 
do  now  is  to  make  this  intuitive  argument  rigorous.  This 
is  the  only  place  in  this  work  where  we  invoke  mathematical 
notions  which  are  not  completely  elementary.  It  is  important 
to  notice  that  since  SL(2,C)  is  simply  connected,  the  above 
discussion  shows  that  it  is  also  the  universal  covering 
group  of  L+.  Our  theorem  (5.2)  together  with  the  now 

established  connectivity  of  S+  (proposition  (5.4))  shows 

t  .  1  t 

that  S+  is  a  covering  group  for  L+.  If  we  knew  that  S+ 

was  simply  connected  we  could  conclude  at  once  that  it  is 

isomorphic  to  SL(2,C)  by  invoking  the  uniqueness  (up  to 

isomorphism)  of  the  universal  covering  group.  But  we  don't 

want  to  show  directly  that  S+  is  simply  connected.  Instead 

we  will  use  a  result  about  topological  groups  which  will 

enable  us  to  prove  the  isomorphism  without  any  calculation. 

t 

By  the  same  token  we  will  have  shown  that  S+  is  simply 
connected . 

The  theorem  we  use  says  the  following.  Let 
G  be  a  topological  group  with  universal  covering  group 

I  I 

(G,p)  (p :  G->-G  covering  homomorphism).  Suppose  that  (G  ,p  ) 

is  another  covering  group  for  G.  Then  there  exists  a  unique 


- 


‘ 


■ 


I  I 

continuous  homomorphism  h:G->G  such  that  p  oh  =  p. 

^  f 

Moreover  (G,h)  is  a  covering  group  for  G  .  This  theorem 
can  be  found  in  (Pichon  [1973] ) .  In  our  case  we  take 
G  =  L+,  (S,p)  =  (SL(2,c),P)  and  ( G  ,p  )  =  (S+,ri).  The 

quoted  theorem  then  says  that  there  exists  a  unique 

.  ■f' 

continuous  homomorphism  h  :  SL  ( 2  ,  C )  ->S  such  that  Iloh  =  P 

as  illustrated  by  the  diagram: 


Clearly,  given  any  a£SL(2,C)  h  gives  one  of  the  two  A's  in 
S+  such  that  11(A)  =  P(a)  ,  and  this  is  accomplished  in  a 

continuous  fashion.  Our  claim  is  that  this  is  in  fact  an 
isomorphism.  The  theorem  says  that  (SL(2,C) ,h)  is  a 

.  i 

covering  group  for  S  ,  whence  h  is  surjective.  So  we  only 
need  to  show  that  it  is  injective.  The  only  two  elements 
that  h  could  map  to  -I  are  +1 .  Since  h  is  surjective  and 
h(I)  =  I  we  must  have  h(-I)  =  -I.  But  -I  is  the  only 
element  other  than  I  that  h  could  have  mapped  to  I.  Whence 
we  have  that  h(a)  =  I  implies  a  =  I  and  h  is  injective. 
Whence  h  is  an  isomorphism. 

This  section  and  the  previous  ones  have  provided 

.  .  _  .  t 

a  complete  description  of  the  groups  of  transformations  S+ 

and  S  .  We  now  turn  to  the  construction  of  tensors  from 


spinors . 


■ 


' 
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CHAPTER  VI 


TENSORS  CONSTRUCTED  FROM  SPINORS 

(1)  Introduction 

The  aim  of  this  chapter  is  to  construct  tensors 
from  quadratic  combinations  of  spinors  and  to  study  their 
relationships.  These  tensors  are  well  known  so  we  are  not 
going  to  define  anything  new.  However  the  section  devoted 
to  the  study  of  their  relationships  might  have  some 
originality.  In  (Pauli  [1936])  Pauli  has  shown  how  to 
derive  some  identities  relating  these  tensors  by  using 
the  Fierz  identity.  However  the  set  of  identities  which 
he  displayed  is  incomplete  in  the  sense  that  it  doesn't 
fully  express  the  restrictions  on  the  degrees  of  freedom 
in  the  tensor  components.  After  having  discussed  the 
construction  of  the  tensors  we  will  provide  a  complete 
solution  to  the  question  of  their  algebraic  dependence. 

In  particular  we  shall  give  a  set  of  almost  independent 
covariant  identities  which  tells  exactly  how  the  various 
tensors  are  related  to  each  other.  All  the  other  identities 
are  derivable  from  this  particular  set. 

We  must  emphasize  that  our  analysis  is  limited 
to  the  case  where  ^  is  an  ordinary  spinor  and  not  a  field 
operator.  We  have  not  seriously  in ve stigated  how  much  o  f 
the  analysis  carries  through  in  this  more  general  situation. 
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( 2 )  Construction  of  the  tensors 

In  order  to  obtain  real  quantities  one  has  to 
take  appropriate  linear  combinations  of  the  products 
ip  ^  ip^  .  The  maximum  number  of  linearly  independent  such 
combinations  is  clearly  16.  It  is  in  fact  possible  to 
construct  16  linearly  independent  quadratic  forms  which 
are  all  components  of  tensors  or  pseudotensors.  We  list 
them  first  and  then  proceed  to  show  that  they  have  the 
appropriate  transformation  laws. 


S  =  Jplp 
P  E 
Vy  = 


u  _  .  t  y  5 . 
P  =  npy  Y  ^ 


uv  _  ,-r  [yv]  , 

S  =  iipY  41 


:  scalar 
:  pseudo-scalar 

:  future  pointing  timelike  or  null 
ve  c  to  r 

:  spacelike  or  null  pseudo-vector 
:  antisymmetric  tensor 


One  easily  checks  that  all  these  quantities  are  real.  Their 

A 

linear  independence  follows  from  that  of  the  y  "'s.  From  the 
condition  (5.3b)  ,  ip  =  \p+Y°  transforms  under  the  action  of  L 
according  to  ip  =  \pA  ^  .  From  the  proof  of  proposition  (5.1)  , 
the  condition  (5.3b)  can  only  be  satisfied  when  dealing  with 
or thochr onous  Lorentz  transformations.  Accordingly  our 
quantities  behave  as  claimed  only  under  this  type  of 


tr ans  formations . 


■ 
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It  is  trivial  to  check  that  S  and  VP  are  a  scalar 
and  a  vector.  Now  let  us  see  that  SPV>  is  an  antisymmetric 
tensor.  The  antisymmetry  follows  at  once  from  that  of 

Y[yVl.  we  have  s  '  y  V  =  Y  1 PV  V  =  V  PU 1  A*  . 

.  '  y  v 

Clearly  if  y^V  S  =0.  Suppose  now  that  y^V .  Then: 


s,yv  =  mTa-Vaa-Va* 


=  ifty  i^YPyaip 
p  a '  '  y 

.  v  ny  —  [pa]  .  .  v  ny  -r  p  a . 

=  i  E  fl  fi  iL>y  ill  +  1  E  \py  y  ^ 

p^o  p  0  p=a  P  a 

=  fiv  tp°  +  i^-siYnY  +  ny  cjv  ) if» 
pa  ii  oo 


The  second  term  vanishes  because  we  assumed  y^V  and  £2  is 
a  Lorentz  transformation.  To  treat  the  other  two  cases 
we  need  to  use  permutations.  If  Y^  =  £^^Y^»  then 

O  O  O  O 

A  5  aO  A1a2a3  1  r-»  O  A  O  A  l/\  2  A  3 

Y  =  Y  Y  Y  Y  =  7TZ  (“D  Y  Y  Y  Y 

' aes  . 

4 

where  is  the  set  of  permutations  of  (0123)  . 

.  „  a  a,  an  a_  p  p.  p_  p_ 

=  ~ —  e  (-D  ft  °  ft  1  ft  2  ft  3  y°y1y2y3 

41  aes  Po  pl  p  2  p  3 

4 

Clearly  the  only  terms  contributing  to  this  sum 
are  those  for  which  all  the  ' s  are  different.  So  we  may 


write 


a 

Y  =  E  (-U  1  (_1) 

‘ aes  „  tes,  o 

4  4 


a 

o  3  5 

.  .  .  ft  Y 

T  T  1 


yp  E  (-l)°(-l)a  det(ftP  )y5  =  det(fiPv)Y5 
•aes4 


* 


■ 
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From  this  we  obtain: 


'y  =  ipA  1yyAA  \5A\p  =  ^yv^YVY5^  =  det(ft)ftPvPV 


Similarly  P  =  det(!^)P. 

The  physical  interpretation  of  the  vector  vy  is 
the  probability  current  of  the  electron  and  it  is  denoted 
by  jy.  j°  =  ip  +  ip  is  indeed  positive  and  can  thus  represent 
a  probability  density.  The  conservation  of  total  probability 
is  guaranteed,  under  appropriate  boundary  conditions  at 
infinity,  because  jy  satisfies  the  continuity  equation. 

Indeed  upon  multiplying  (iy^S  -  m)i|>  =  0  on  the  left  by  ip 

r* 

—  u+- 

and  the  adjoint  equation  ip  ( iy  d  +  m)  =  0  on  the  right  by 

M 

ip  and  adding  one  obtains  =  0-  This  also  works  when 

an  external  electromagnetic  field  is  present. 

u  v 

The  tensor  -2S  is  interpreted  as  a  spin  density 
(Messiah  [1964]).  The  other  tensors  are  used  to  couple  the 


Dirac  field  with  other  fields. 


( 3 )  Covariant  identities 

Let  us  now  come  to  the  identities  connecting  the 
tensors.  We  fix  the  space-time  point  x  and  look  at  how  the 
components  of  the  tensors  are  related  to  each  other  at  that 
point.  They  are  16  real-valued  functions  of  ijj(x).  (We 
emphasize  again  that  in  this  study  \p  is  an  ordinary  spinor 
and  not  a  field  operator.)  Since  i[>(x)  contains  8  indepen- 


' 

* 


■ 
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dent  real  parameters,  the  components  of  the  tensors  can  be 
considered  as  16  real  functions  of  8  real  variables.  It  is 
therefore  clear  that  at  most  8  of  them  can  be  independent. 

It  turns  out  that  only  seven  are  independent  and  the  nine 
others  are  determined  by  the  first  seven.  The  basic  tool 
for  studying  these  functions  in  a  way  which  is  independent 
of  a  particular  choice  of  unitary  y^ ' s  is  the  Fierz  identity 
It  is  a  very  remarkable  identity  satisfied  by  any  set  of 
4X4  y  matrices.  Let  {y^}  be  such  a  set.  By  proposition 


A 


(2.5)  we  know  that  the  16  y  's  span  the  entire  vector  space 


of  complex  4><4  matrices.  If  M  is  an  arbitrary  4X4  matrix 

there  exist  coefficients  a  such  that  M  =  E  ay  . 

A  ,  A 

B  - 1  ^ 

Multiplying  this  by  y  E  (y  )  and  taking  the  trace  yields 

B 

a  =  -7-  T  (My  )  .  Whence  we  have: 

B  4  r  1 B 


M  o  =  7  ^  yA  o(y  )  M 

a3  4  a$  a  vy  y v 


But,  since  M  is  arbitrary,  this  implies 


1 

4 


£ 

A 


^ a'*  vy 


6  6 
ay 


3v 


(6.1) 


This  is  the  Fierz  identity.  It  is  in  fact  a  tensor  product 

identity  and  is  seen  most  clearly  when  written  as  such. 

The  tensor  product  of  two  linear  operators  M  and  N,  MSN,  is 

defined  by  M  8N ( u  8v )  =  MuSNv  for  arbitrary  vectors  u,v. 

7T  TT 

Given  MSN  we  define  (MSN)  by  (MSN)  (uSv)  = 


MvSNu,  so  that 


■ 


I 


■ 
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TT  TT 

(M®N)  =  (M®N)  (I®I)  .  It  is  then  a  trivial  matter  to 

check  that  the  Fierz  identity  may  be  rewritten  as: 

I  Z  yA®YA  =  (I«I)TT  (6.2) 

A 

The  advantage  of  this  notation  is  that  many 
equations  become  clearer  because  of  the  elimination  of 
the  indices.  There  is  another  algebraic  tool  which  we 

T 

shall  need.  If  {y^}  is  a  system  of  y  matrices,  so  is  {y^  }, 

the  set  of  transposes.  By  the  fundamental  theorem,  there 

T 

U  li-l 

exists  an  invertible  matrix  T  such  that  y  =  Ty  T  .  This 
matrix  T  is  the  other  tool  which  we  will  use.  It  is  anti¬ 
symmetric.  Indeed  by  taking  the  transpose  of  the  equation 
defining  T  one  obtains: 


YP  - 

— 1 T 

T  y 

T  m 
^  tT 

,  T 

- 1  y 

=  t  y  t 

from 

which 

[y 

T 

y  t  -l 

*  T  T  ] 

=  0. 

By 

theorem  (2.8)  it 

f  o 1 lows 

that 

T  -1 

T  T 

= 

T 

c  I  or  T 

=  cT . 

From  this  we  obtain 

T  = 

T 

CT  =  C 

2 

T 

,  whence 

c  =  + 

1 . 

Thus  T  is  either 

symmetric 

or  antisymmetric.  Suppose  that  it  was  symmetric.  Then  one 

[yv]  [Ayv] 

can  easily  check  that  the  ten  matrices  Ty  and  Ty 

would  be  antisymmetric.  But,  since  there  are  at  most  six 
linearly  independent  4><4  antisymmetric  matrices,  this  is  a 
contradiction;  therefore,  T  is  antisymmetric.  This  elegant 
argument  is  taken  from  (Pauli  [1936]  )  . 


' 


•* 

. 
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We  are  now  prepared  to  study  the  identities 


7  4 


satisfied  by  the  tensors.  The  first  step  is  to  write  the 
Fierz  identity  in  five  different  ways: 


4(I«I)7T  =  I®l+YP»Y^-yY  [pVj»y  [yv]+YyYJ®YyY5+Y5®Y5 


(6.3) 


4  ( Y  5®y  5  ) 17  =  J]»Y  [yv] -yyYD®YyY''+Y5»Y5  (6.4) 


.,5  tt  5TT5y  5  5  y  l~[yv] 

4  (Y  «I)  =  Y  «I  +  I»Y  +Y  ®YyY  ~YyY  «Y  +jY  ®Y[yv] 


(6.5) 


.  ,  _  5  tt  5  5  y  5  5  y  1  ~  [  y  v  ] 

4 ( I® Y  )  =  Y  ® I+I®y  "Y  ®YyY  +YyY  ®Y  +jY  »Y[yv] 


(6.6) 


/  /m  \  ^  _  _  y  T .  4  [ y  ^  ] 

4 (T  ®T)  =  i$i+y  «Yy  +jY 


T  U  5  5  T  5  T 

«Y[yV]  “Y  Y  «  (YyY  )  +Y  ®Y5  (6.7) 


The  matrix  Yr  is  defined  by  Yr  .  =  ir£  0Y  .  This 

'  [y v  ]  [yv ]  2  yvaB 


corresponds  to  the  definition  of  the  dual  of  an  antisymme- 

From  eq .  (2.5)  we 


1  ag 

trie  tensor  T  as  T  =  — e  0T 

yv  yv  2  yvaB 


~  5  -1  5 

have:  Y[yv-j  =  Y5Y[yv]/  where  we  recall  that  Y5  =  (Y  )  =  "Y 

Eq .  (6.3)  is  just  (6.2)  written  out  explicitely.  Eq.  (6.4) 

5 

is  obtained  by  multiplying  (6.3)  on  the  left  by  y  ®Y^* 

Eq.  (6.5)  is  obtained  by  multiplying  (6.3)  on  the  left  by 
5 

Y  ®I.  Eq.  (6.6)  is  obtained  by  reversing  all  tensor 


products  in  (6.5);  this  can  be  achieved  by  multiplying  on 


TT 


right  and  left  by  ( I® I )  .  Finally  eq.  (6.7)  is  obtained  by 


multiplying  (6.3)  on  the  left  by  I®T  and  on  the  right  by 

-1 

I®  T 


' 
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For  a  while  it  will  be  convenient  to  replace  P 


y 


and  S^V  by  the  pure  imaginary  quantities  =  -iP^  =  ip y ^ y  ^ i/j 

,  uv  _  .  uv  -r  [y v ]  , 
and  T  =  -is  =  ipy  ip . 

By  multiplying  (6.3)  on  the  left  by  ^®ip  and  on  the 

right  by  ip® ip  we  obtain: 


2  2  y  1  uv  ~u~  2 

4  S  =  S  +  VHV  -  —  T M  T  +  VMV  -  P 

y  2  yv  y 


By  doing  the  same  thing  with  (6.4)  we  get 


-4P 2  =  S2  -  V^V  -  -  TyVT  -  -  P2 

y  2  yv  y 


By  adding  and  substracting  these  two  equations 
we  derive  the  equivalent  system: 


y  V  2  2 

Th  T  =  2 (P  -S  ) 
yv  v 


li  ~  U  ~  2  2 

VKV  +  VMV  =  2 (P  +S  ) 

y  y 


(6.8) 

(6.9) 


Performing  the  same  operations  on  (6.5)  yields 


~  y  V 

T  T  =  4  P  S 
yv 


(6.10) 


—  T 

Next  if  we  multiply  (6.7)  on  the  left  by  lp®ip  and 
— T 

on  the  right  by  ip®ip  we  obtain: 

—  -1 — T  T  2  li  1  UV  ~U~  2 

4  (IpT  Ip  )  (ip  Tip)  =  S  +  VMV  +  —T  -  V  -  P 


T  T — T 

where  we  have  used  the  fact  that  an  expression  like  ip  ’  Y  • 

H 

being  a  number,  is  equal  to  its  transpose  ipy^ip.  Now  since 


. 


■ 


■ 
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T  T  T  T 

T  is  antisymmetric  we  have  ip  Tip  =  (ip  Tip)  =  -ip  Tip  =  0. 
Whence  our  last  equation  reduces  to 


2  y 

S  +  VMV 


1  y  v 

+  — T  T 

2  yv 


~  y  ~  2 

-  vMv  -  p 
y 


0 


When  combined  with  (6.8)  and  (6.9),  this  gives 

y  ~y ~  2  2  , _  , ,  , 

V  V  =  V  V  =  P  +S  (6.11) 

y  y 

Upon  substracting  (6.5)  from  (6.6)  and  then  multiplying  on 
the  left  by  I®T  and  on  the  right  by  I®T  ^  we  get 

—  1  5  5-1  77  5  T  5  y T 

2  [ T  ®TY  -  Y  T  ®T]  Yy®(YyY  )  +  YyY  ®Y 

Then  by  treating  this  as  we  treated  eq.  (6.7)  we  obtain: 


V^V  =  0  (6.12) 

y 

Eqs  .  (6.8),  (6.10),  (6.11)  and  (6.12)  are  the  identities 

which  Pauli  displayed.  We  now  proceed  to  derive  others. 

By  taking  the  difference  between  (6.3)  and  (6.4) 

we  obtain 


5  ,77  p  p5  5  ,  _  ,  _ . 

2  [  I ® I  -  Y  ®Y  c 1  =  Y  ®Yrt  +  Y  Y  ®Y^Y  (6.13) 

5  p  p 

Multiplying  this  on  the  left  by  I®Yy  yields 

5  5  77  p  p  5  5 

2[I«Yy  +  Y  «YyY  ]  =  Y  ®YyYp  +  Y  Y  ®YyYpY 

=  YV«I+TP«Y  [up]+YyY58Y5+YPYr>«Y  [yp]Y5 


, 


By  applying  i|j®  ip  to  the  left  and  ipQip  to  the  right 


we  get: 


2 [ S V  +  PV  ]  =  SV  +  PV  +  T  VP  -  T  VP  (6.14) 

y  y  y  y  yp  yp 

Next  by  taking  the  sum  of  (6.3)  and  (6.4)  we  get: 


5  5,  TT  55  1  [yv] 

2[l0l  -  y  »y  ]  =  I«I  -  y  «Y  "  JY  ®Y[yv] 


Multiplying  this  on  the  left  by  I®y  yields: 


2  [  i  ®  y  -  yJ®y  y'3]71  =  i«y  -  yJ®y  y5  -  — y^a^®y  yr  a. 
y  y  Ty  '  ’  y  1  2  1  y  [  a  3  ] 


Now,  by  using  the  product  rule  (2.2),  this  may  be  rewritten  as 

5  5 ,  tt  5  5  ~  V  5  [a3  ] 

2[1®h  -  Y  ®V  1  =  -  Y  ®YyY  -  Y[yv]»Y  Y  -  9uaY  SY 

which,  when  taken  between  ipQip  and  ip®ip,  gives 

\)  R 

2  [  S V  -  PV  ]  =  SV  -  PV  -  T  V  -  T  CVP 

y  y  y  y  yv  y3 

If  we  combine  this  with  eq.  (6.14)  we  obtain  the  equivalent 
system: 


T  V  =  P  V 

yp  y 


T  VK  =  -SV 

yp  y 


(6.15) 

(6.16) 


We  consider  again  eq.  (6.13)  and  multiply  it  on 

y 

the  right  by  y  ®y ^ ;  this  yields: 


■ 


. 


✓ 
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2[yp«Yy  -  YpY5®YyY5]7T  =  yV«YvYp  +  YVYPY  ®YvYpY' 


6yp[I«I+Y5OY5]  +  Y[Vil]®Y[vp]  +  Y[VylY5«Y[vp]Y5 


+  I®Y[yYp]  +  Y[pYy]ei  +  Y5»Y[yYp]Y5  +  Y[pYy]Y5«Y5 


Operating  on  this  with  ij-Sij;  and  ty&ip,  in  the  now  familiar 
way ,  we  obtain : 


yv  p  ~yv~  p  yp  2  2  up  ~y~p 

T  +  TH  T  m  =  gMH(S  +P  )  -  2(VMVM  +  VMVM)  (6.17) 


As  long  as  T  is  antisymmetric,  the  following  identities 


yv 


hold  true  : 


yv 

T  T 

vp 

~yv~  l  a3 

T  T  =  -  — (T 

Vp  2 

T  fi)6V 

a3 

P 

(6.18) 

yv~ 

T  T  = 

vp 

l  .  *y 

-  — (T  T  „  )  0  K 

4  a3  P 

(6.19) 

Combining 

(6.18)  with  (6.8)  and  (6. 

17)  yields 

II 

CL 

P 

EH 

P 

Eh 

-  (vyvp  +  vyvp) 

+  gPPS 

2 

(6.20) 

$y^¥  P  = 
V 

-  (vpvp  +  vyvp) 

+  gypP 

2 

(6.21) 

Fortunately  we  have  now  nearly  exhausted 

the  set 

o  f 

all 

possible 

invariant 

quadratic  identities ! 

There 

remain 

only 

two.  Multiplying 

(6.20)  by  VP  and 

using 

(6.11) , 

(6. 

12) 

and 

(6.15)  we 

obtain : 

yv~ 

PT  V 

V 

2  2  y 

=  -  (S  +P  )V  +  s 

V  = 

2  y 
-  P  V 

, 


' 


■ 

■ 


Since  this  is  true  irrespective  of  ip  we  may  divide  by  P  to 


7  9 


TyVv  =  -  PVP  (6.22) 

V 


Next  we  use  this  together  with  (6.19)  and  (6.10)  to  get: 


~yvtT  1  ~pv  ~p  1,1  ~y  ~y 

T  V  =  -  —  T  T  =  -  —  (-—  T  T  D  V  =  SV  , 

v  p  vp  p  4  aB 


that  is:  TPVV  =  SVP  (6.23) 

V 


We  now  reexpress  all  the  identities  obtained  in  terms  of  our 

y  y  v 

original  real-valued  functions  P  and  S 


u 

VMP  = 

y 

0 

(6.24) 

ii 

> 

d- 

> 

2  2 

P  +S 

(6.25) 

y 

u 

p  p 

y 

2  2 

-(P  +S  ) 

(6.26) 

syvs 

„  ,  2  2  x 
=  2  (S  -P  ) 

(6.27) 

yv 

spvs 

=  -  4  P  S 

(6.28) 

yv 

^yv„ 
s  s 

=  (VPVP  -  Pppp)  -  gPPS2 

(6.29) 

vp 

syvs 

=  (VyvP  -  Pppp)  -  gPPP2 

(6.30) 

vp 

syps 

=  PS  6P 

(6.31) 

pa 

a 

s  vp  = 

pp 

(6.32) 

yp 

y 

n 

CL 

> 

?co 

SP 

(6. 33) 

yp 

y 

S  PP  = 

PV 

(6.34) 

yp 

y 

S  PP  = 

sv 

(6.35) 

yp 

y 

\ 
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(4)  The  information  contained  in  the  identities 


Clearly  the  left  hand  sides  of  the  last  set  of 
equations  comprise  all  possible  quadratic  invariant  com¬ 
binations.  But  these  equations  are  so  numerous  that  their 
content  is  far  from  clear.  They  form  a  highly  redundant 
system:  for  instance,  (6.24)  is  an  obvious  consequence  of 
any  one  of  the  last  four  equations.  In  fact  only  nine 

equations  are  independent.  This  leaves  seven  independent 

1c  1c 

functions:  one  possible  choice  is  P,V  ,P  .  We  shall  now 

show  how  one  can  pick  a  system  of  almost  independent 

identities  implying  all  the  others  and  then  proceed  to 

k  k 

demonstrate  that  P,V  ,P  are  independent.  First  we  fix 
the  notation.  We  define: 


so  that 


(S 


1 - 

r-l 

> 
i. _ 

-  — » 

p1 

V  = 

v2 

P  = 

2 

P 

r 

< 

U) 

i _ 

3 

P 

-  -4 

cn* 

ro 

q  J 

sio 

s  = 

S  3  1 

i  X 

II 

S  2  0 

Cn 
i — 1 

w 

_ r 

; 

S  30 

u  -J 

T 

0  -K 

(S  )  = 

T  " 

0  s 

K  (jO  (S) 

yv 

-S  0)(K) 

*v 

_ 

whe  re 


G0(U) 


u3  -u2 


0 


-U‘ 


U' 

0 


(6.36) 


(6.37) 


(6 . 38) 


I  '  ■ :  •  ■  II 


' 


' 
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S  is 
that 


twice  the  spin  density  vector.  One  easily  establishes 


K 


2 


1 

2 


(6.39) 


K 


*  S 


4  b  sag 


(6.40) 


These  are  the  analogues  of  the  familiar  invariants 
of  the  electromagnetic  field. 

Our  claim  is  that  the  following  set  of  identities 
is  complete : 


S  Vr 

yp 


=  PP 


S  V' 

yp 


=  SP 


y 


y 

v  v  = 
y 


2  2 

s  +p 


y 

-  p  p 


y 


(6.41) 

(6.42) 

(6.43) 


First  (6.41)  clearly  implies  (6.24).  Now  in  our  new 
notation,  eqs .  (6.41)  and  (6.42)  read 


o ' 

p 

- 1 

1 

( « 

• 

i  < 

- 1 

-p 

V°K+V  x  s 

».  _ 

__ 

S 


S  •  V 

-V°S+VXK 


(6.44) 


The  second  equation  gives 

S  =  —  (Vxk  +  SP) 

~  o  ~  ~  ~ 

V 

1  2 

from  which  VX.S  =  -  (  (V*K)  *V  -  V  K  +  SVxp) 

•V  ~  O  ~  ~  ~  *V  ~  ~ 


■ 


,  ■ 
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Inserting 


that  i s : 


this  into  the  first  part  of  (6.44)  we  obtain 
2 

o  o  2  o 

V  K-PPV-VK+  SVXP  =  -  V  PP 

K  =  — -  [P(P°V  -  V°P)  -  SVXP] 

vhv 

y 


From  this  we  get: 


1  2 
VXK  =  — -  [ -P V°VXP  -  S  ( V  *  P ) V  +  SV  P] 


U 
VV 


y 


Inserting  this  into  the  second  part  of  (6.44)  yields 


V^V 

1  S  ^2 

S  =  -  [-PVXP  -  - (V  *P )  V  +  —  V  P  +  - 

~  y  ~  ~  o~  ~~  o  ~  ~  o 

VMV  V  V  V 


y 


SP  ] 


Equation  (6.24)  ,  which  may  be  written 


o  o 

VP  =  VP 


(6.45) 


is  a  consequence  of  (6.41)  .  This  can  be  used  to  cancel  the 
V°  in  the  denominator  of  the  second  term  on  the  right  hand 
side  of  the  next  to  last  equation.  Thus  we  obtain  the 
following  expressions  for  K  and  S: 


K  = 

1 

y 

V  V 

y 

[P(P°V  - 

V°P) 

-  SVXP] 

S  = 

i 

y 

vMv 

y 

[S(V°P  - 

P°  V ) 

-  PVXP] 

(6.46) 

(6.47) 


o 

We  haven't  yet  used  the  SP  =  S*V  part  of  eq.  (6.44)  .  In 
fact  this  is  now  a  consequence  of  (6.45)  and  (6.47).  This 


' 
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is  the  extent  to  which  the  identities  (6.41,42,43)  are  not 
completely  independent. 

Next  we  obtain 


SP  P 

y 


y 


s  vppy 

yp 


from  (6.42) 


i  s  sv\y, 

p  yp  A 


from  (6.41) 


~  (S  fisa^)v  vp 

4P  a3  p 


from  (6.19) 


~  (S  Asa^)P  Pp 
4p  a$  y 


from  (6.43) 


Whence 


S  D  S 

a3 


a3 


=  -  4PS 


thi s  is  (6.28). 


The  explicit  calculations  will  not  be  given  but 
one  can  deduce,  using  only  (6.45,46,47),  the  relation 


syvs  =  i2+p-  (vyv  -  PyP  )  -  6y  s2 

vp  „y,7  p  p  p 


V  V 


y 


When  coupled  with  (6.43)  this  equation  gives  (6.29)  .  It  is  also 

y  y 

seen  to  imply  (6.27)  by  letting  p=y  and  using  P  P  =  -  V  V  . 

y  y 

Combining  (6.29),  (6.27)  and  the  identity  (6.18),  which  is 

valid  for  arbitrary  antisymmetric  tensors,  one  is  led  to 
(6.30) .  Equation  (6.31)  follows  from  the  general  identity 
(6.19)  and  equation  (6.28).  Finally  equations  (6.34)  and 
(6.35)  are  a  consequence  of  (6.41)  ,  (6.42)  together  with  the 

general  identity  (6.19)  and  eq.  (6.28). 


We  have  shown  that  the  equations  (6.41,42,43) 


imply  all  the  others  in  (6.24)  to  (6.35). 


' 


. 
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Now  suppose  that  V,P  and  P  are  given.  The 
equations  V^V  =  -  P^P  and  V^P  =  0  read: 

y  y  y 

2  2 

o  o  2  2 

V  +  P  =  V  +  P 


o  o 

VP  =  P*V 


By  themselves  these  equations  are  sufficient  to  determine  V 

and  P  up  to  sign.  But  we  know  a  priori  that  V°  =  +  >  0. 

If  V°  is  0  then  i/j  =  0  and  everything  vanishes.  If  V°^0  then 
o 

V  >0  and  the  two  above  equations  take  care  of  the  signs 
as  well  as  of  the  magnitudes  of  V°  and  P°.  Now  that  V^*  is 

y  2  2 

determined,  the  equation  V  V  =  S  +P  gives  S  up  to  sign,  P 

y 

being  supposedly  given.  Then,  unless  both  S  and  P  are  zero, 
equations  (6.46)  and  (6.47)  determine  S  uniquely.  If  both 

y  v 

y  y  * 

S  and  P  vanish,  V  and  P  are  two  orthogonal  null  vectors; 
this  implies  that  they  are  linearly  dependent.  In  this  case 
the  system  becomes  degenerate  since  it  fails  to  determine 
S  uniquely.  Indeed  one  may  check  by  looking  at  (6.44) 

y  v 

that  it  only  demands  that  K  and  S  be  two  vectors  of  equal 
norm  orthogonal  to  each  other  and  orthogonal  to  V.  Whence 
there  is  one  degree  of  freedom  left:  their  position  in  the 

y  y 

plane  orthogonal  to  V.  Due  to  the  fact  that  V  and  P  are 
linearly  dependent,  one  can  easily  check  that  the  whole  set 


of  equations  (6.24)  to  (6.35)  says  nothing  else  about  S 
than  what  is  already  implied  by  (6.46)  and  (6.47)  . 


yv 


y  .  y 

*  A  4-vector  A  is  said  to  be  null  if  A  A  =  0. 


■ 

■ 


' 


■ 


Thus  we  have  shown  that,  except  in  the  degenerate 

u 

case  where  V  is  a  null  vector,  the  system  (6.41,42,43) 
determines  the  other  functions  once  V,  P  and  P  are  given- 
Moreover  this  system  is  complete  in  the  sense  that  it 
implies  all  the  other  equations  in  (6.24)  to  (6.35) .  To 
show  that  the  system  is  really  algebraically  complete  we 
have  to  demonstrate  that  there  are  no  non  trivial  relations 
between  V,  P  and  P,  that  is  these  are  independent  functions 
One  way  to  do  this  would  be  to  use  a  particular  set  of 
Y  matrices,  for  instance  that  of  eq.  (2.7) ,  to  write  down 
explicitely  these  functions.  But  we  have  found  an  alterna¬ 
tive  method  which  is  less  cumbersome  and  doesn't  rely  on  a 
special  choice  of  the  system  {y^}.  It  amounts  to  showing 
that  their  differentials  can  be  made  linearly  independent 
with  an  appropriate  choice  of  ip . 

The  seven  functions  P,  V,  P  are  of  the  form 

—  A  A  5  k  k  5 

ip  ip M  i fj  where  the  M  's  are  y  ,  y  and  iy  y  respectively. 

Let  us  denote  them  by  f  .  To  emphasize  their  dependence 

upon  eight  real  variables  we  write  ip  as  $  +  i<J>  where  both 

$  and  (j)  are  real.  Then  we  have: 

fA($,4>)  =  ($-i<j) )  MA  (  $+i({) ) 

_  7\  _  A  _  ^  —  a 

=  $  M  $  +  (j)M  (j)  +  i  ( <J>  M  (j)  -  (J)  M  $  ) 

A 

Now  the  differential  of  f  at  the  point  ($,({>)  is  defined  by 
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f A  (<±>  +  h,  4>  +  k)  -  fA($,cj))  =  df 


($,<!>) 


(h,k)  +  0  (h ,  k )  , 


df  being  linear  and  0(h,k)  satisfying 


1  im 

(h  ,  k)  ->0 


0 (h, k) 

iKhTkir 


=  0. 


One  can  easily  check  that: 

A 

df  (h  ,  k  )  =  (0-i4>)  MAh+ ((J)  +  i$)  MAk  +  hMA  ($  +  i(f)) +kMA  ((f)-i$) 


Suppose  that  these  differentials  were  linearly  dependent. 

That  means  that  there  would  be  real  numbers  A  ,  not  all 

A 

vanishing,  such  that 

A 

A  df  (h,k)  =  0  independently  of  h  and  k. 

($,<f>) 

This  would  imply  the  two  equations 


(<±>-i<f))Mh  +  hM($  +  i(f>)  =  0  for  all  h  (6.48) 

(cj)  +  i$)Mk  +  kM((j)-i$)  =  0  for  all  k  (6.49) 

where  we  have  set  A  M  =  M.  Upon  replacing  the  second  term 

Al 

in  (6.48)  by  its  transpose,  to  which  it  is  equal,  we  obtain 

T 

($-i(j))Mh  +  ($T  +  i(j)T)  MTy°  h  =  0 


This  being  supposedly  true  for  arbitrary  h  we  deduce 

T 

($-i<f>)M  +  ( <f>T  +  i  cf>T )  MTy°  =  0  (6.50) 

Doing  the  same  thing  with  (6.49)  and  multiplying  the 
resulting  equation  by  -i  yields: 


- 


• 
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T 

($-i<j))M  -  ( $T  +  i(f>T )  MTy°  =  0  (6.51) 

T 

T  T  To 

Substracting  (6.51)  from  (6.50)  gives  (4>  +i(J)  )M  y  =  0; 
this  is  equivalent  to  =  0  or  Mip  =  0.  Whence  the 

problem  is  reduced  to  finding  a  \(j  such  that  the  seven  vectors 
M  \p  are  linearly  independent  over  the  reals.  Suppose  that 
we  have  a  relation 


[AoY 


V 


k  5,  , 

+  iy  y  Y  ] ^  =  0 


(6.52) 


where  all  A's  and  y's  are  real.  Let  ^  be  an  eigenvector  of 
Y°:  Y°^  =  •  P  is  not  0  since  Y°  is  invertible.  We  also 

know  that  such  an  eigenvector  exists  since  Y°  can  be 
diagonalized . 

Multiplying  (6.52)  by  Y°  and  then  dividing  by  p 

we  obtain: 

[~x  y5  -  a  vk  +  iy1yky5]^  =  o 

ok  k 


Together  with  (6.52)  this  implies: 

k  . 

yRy  ip  =  0 

[A  y5  +  Xvk]ip  =  0 

O  K 

,  +  5 

Multiplying  the  last  equation  by  ip  y  we  get: 

-A  +  A  i|j+Y5yk^  =  0 

o  k 


^  • 


- 
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However  the  first  term  in  this  equation  is  real  whereas 

the  second  one  is  easily  seen  to  be  purely  imaginary. 

Therefore  A  =0  and  we  are  left  with 
o 

=  0 

Multiplying  this  by  we  obtain: 

-A1^  +  i|j  +  ^+(A2y1y2  +  A3y1y3)^  =  0 

Again  the  first  term  is  real  while  the  second  is  a  pure 
imaginary.  Therefore  A^  =  0  and  we  are  left  with 

CA2y2  +  A3y3)i^  =  o 

4.  2 

Doing  the  same  with  i[i  y  we  obtain  A2  =  0  and  it  then 

follows  that  A  3  =  0  also.  The  same  argument  could  clearly 

k  A 

be  applied  to  the  equation  ]i  y  ip  =  0 .  Whence  the  M  ip '  s  are 

X. 

linearly  independent  over  the  reals  if  we  choose  ip  to  be  an 

o  k  k 

eigenvector  of  y  .  This  shows  that  the  functions  P,  V  ,  P 

are  independent  in  the  neighborhood  of  this  point  \p .  Whence 

it  is  impossible  to  express  some  of  them  in  terms  of  the 

others . 

Let  us  summarize  what  we  did.  We  have  first 
obtained  all  the  possible  invariant  quadratic  identities 
among  the  tensors  defined  at  the  beginning.  Next  we  have 
shown  that  all  the  information  contained  in  this  set  of 
identities  is  already  present  in  the  following  subset: 


II  I  H 


. 
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S  V 

yp 


=  pp 


y 


s  vP  =  SP 

yp  y 

v^v  =  -P^P 

vi  y 


+ 


p 


2 


One  way  to  describe  the  algebraic  content  of  this 

last  system  of  identities  is  as  follows:  once  the  values  of 

*•  k  k. 

the  seven  independent  functions  P,  V  ,  P  are  given,  the 

equations  allow  one  to  compute  the  values  of  the  nine 
_  o  o 

remaining  functions  S,  V  ,  P  ,  S  (y<v) .  Though  the 

y  * 

system  contains  ten  equations,  one  of  them,  the  time 
component  of  the  second  part  in  (6.44) ,  can  be  deduced  from 
the  others.  There  appropriately  remain  nine  independent 
equations  to  reduce  to  seven  the  number  of  independent 
functions  in  the  total  of  sixteen. 

Apart  from  those  which  were  derived  in  (Pauli 
[1936]),  the  identities  (6.24)  to  (6.35)  don't  seem  to  be 
very  well-known.  While  trying  to  see  if  they  were  new  or 
not,  the  only  place  where  we  could  trace  them  was  in  a 
short  paper  (Penney  [1964]) .  They  are  stated  there  without 
proof  and  in  a  slightly  different  notation;  no  analysis  of 
their  exact  algebraic  content  is  provided. 

Due  to  its  restriction  to  the  case  of  ordinary 
spinors,  the  interest  of  the  above  analysis  is  quite 
limited.  Results  of  greater  physical  value  would  be 


■ 
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•• 


- 


' 


obtained  by  enlarging  the  scope  of  the  study  to  include 


the  case  where  is  a  field  operator. 
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